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(a) Training samples from IMAGENET

CelebAHQ FFHQ LSUN-Churches LSUN-Beds ImageNet

Figure 4. Samples from LDMs trained on CelebAHQ [39], FFHQ [41], LSUN-Churches [102], LSUN-Bedrooms [102] and class-
conditional ImageNet [12], each with a resolution of 256 ⇥ 256. Best viewed when zoomed in. For more samples cf . the supplement.
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where both ⌧✓ and ✏✓ are jointly optimized via Eq. 3. This
conditioning mechanism is flexible as ⌧✓ can be parameter-
ized with domain-specific experts, e.g. (unmasked) trans-
formers [97] when y are text prompts (see Sec. 4.3.1)

4. Experiments
LDMs provide means to flexible and computationally

tractable diffusion based image synthesis of various image
modalities, which we empirically show in the following.
Firstly, however, we analyze the gains of our models com-
pared to pixel-based diffusion models in both training and
inference. Interestingly, we find that LDMs trained in VQ-
regularized latent spaces sometimes achieve better sample
quality, even though the reconstruction capabilities of VQ-
regularized first stage models slightly fall behind those of
their continuous counterparts, cf . Tab. 8. A visual compari-
son between the effects of first stage regularization schemes
on LDM training and their generalization abilities to resolu-
tions > 2562 can be found in Appendix D.1. In E.2 we list
details on architecture, implementation, training and evalu-
ation for all results presented in this section.

4.1. On Perceptual Compression Tradeoffs

This section analyzes the behavior of our LDMs with dif-
ferent downsampling factors f 2 {1, 2, 4, 8, 16, 32} (abbre-
viated as LDM-f , where LDM-1 corresponds to pixel-based
DMs). To obtain a comparable test-field, we fix the com-
putational resources to a single NVIDIA A100 for all ex-
periments in this section and train all models for the same
number of steps and with the same number of parameters.

Tab. 8 shows hyperparameters and reconstruction perfor-
mance of the first stage models used for the LDMs com-

pared in this section. Fig. 6 shows sample quality as a func-
tion of training progress for 2M steps of class-conditional
models on the ImageNet [12] dataset. We see that, i) small
downsampling factors for LDM-{1,2} result in slow train-
ing progress, whereas ii) overly large values of f cause stag-
nating fidelity after comparably few training steps. Revis-
iting the analysis above (Fig. 1 and 2) we attribute this to
i) leaving most of perceptual compression to the diffusion
model and ii) too strong first stage compression resulting
in information loss and thus limiting the achievable qual-
ity. LDM-{4-16} strike a good balance between efficiency
and perceptually faithful results, which manifests in a sig-
nificant FID [29] gap of 38 between pixel-based diffusion
(LDM-1) and LDM-8 after 2M training steps.

In Fig. 7, we compare models trained on CelebA-
HQ [39] and ImageNet in terms sampling speed for differ-
ent numbers of denoising steps with the DDIM sampler [84]
and plot it against FID-scores [29]. LDM-{4-8} outper-
form models with unsuitable ratios of perceptual and con-
ceptual compression. Especially compared to pixel-based
LDM-1, they achieve much lower FID scores while simulta-
neously significantly increasing sample throughput. Com-
plex datasets such as ImageNet require reduced compres-
sion rates to avoid reducing quality. In summary, LDM-4
and -8 offer the best conditions for achieving high-quality
synthesis results.

4.2. Image Generation with Latent Diffusion
We train unconditional models of 2562 images on

CelebA-HQ [39], FFHQ [41], LSUN-Churches and
-Bedrooms [102] and evaluate the i) sample quality and ii)
their coverage of the data manifold using ii) FID [29] and
ii) Precision-and-Recall [50]. Tab. 1 summarizes our re-
sults. On CelebA-HQ, we report a new state-of-the-art FID
of 5.11, outperforming previous likelihood-based models as
well as GANs. We also outperform LSGM [93] where a la-
tent diffusion model is trained jointly together with the first
stage. In contrast, we train diffusion models in a fixed space

5

(b) Generated samples from a diffusion model.

Figure: Images from Rombach, Robin, et al. ”High-resolution image synthesis with latent diffusion models.”
Proceedings of the IEEE/CVF conference on computer vision and pattern recognition. 2022.

AIM: Given access to samples from pdata, learn to sample from pmodel « pdata.
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Generative Modelling

Numerous applications:
• Image1/video/sound generation (diffu-

sions)
• Protein structure discovery2 (diffusions)
• Time series (diffusions)
• ChatGPT and other AI chatbots also

generative models (some diffusion)
• Many successful models: autoregres-

sive models, normalising flows, Genera-
tive Adversarial Networks Until recently
GANs SOTA

problem, and existing methods have either been limited to the generation of small molecules [39] or
to large proteins in highly restricted settings with only one domain topology [15].

Figure 1: From-scratch protein generation. Section A shows four different sampling scenarios. We
show the block adjacencies in the middle and a test set structure matching the adjacencies on the left.
On the right are four different samples from the model with no post-processing. The samples show a
high degree of variability and excellent hydrogen bond patterns (the dashed lines) within helices and
between beta sheets. Section B compares the distributions of bond lengths and angles and backbone
torsions for the generated structures relative to native crystal structures.

In this paper we present a new generative model that makes significant progress on closing this gap.
We introduce a fully data-driven denoising diffusion probabilistic model (diffusion model) for protein
structure, sequence, and rotamers that is able to generate highly realistic proteins across the full
range of domains in the Protein DataBank (PDB) [6]. For comparison, protein macromolecules have
approximately 100 � 1000⇥ the atom count of the small molecules addressed by previous molecular
generative models, and the full set of domain types in the PDB numbers in the hundreds, in contrast
to the single domain types addressed in previous work. Our model is equivariant to rotations and
translations using invariant point attention (IPA) modules introduced in [23]. To handle the diffusion
of rotational frames of reference that are required for protein generation, we use a formulation that
leverages an interpolation scheme well-suited to SO(3). For discrete sequence generation, we use
an approach akin to masked language modeling that can be interpreted as diffusion in a discrete
state space [5]. Finally, to allow for interactive structure generation, we introduce a compact set of
constraints that the model conditions on to generate proteins. We show in Figure 1 and Section 3
that the model is able to generate high quality structures and sequences with nontrivial variety. To
the best of our knowledge this is the first generative model that is capable of synthesizing physically

2

Figure: Training samples from IMAGENET
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Introduction to Denoising Diffusion Models

A new contender: Denoising Diffusion
Models

• Advantages:
• State-of-the-art results
• Very flexible
• More amenable to theoretical analysis

(than e.g. GANs)

CelebAHQ FFHQ LSUN-Churches LSUN-Beds ImageNet

Figure 4. Samples from LDMs trained on CelebAHQ [39], FFHQ [41], LSUN-Churches [102], LSUN-Bedrooms [102] and class-
conditional ImageNet [12], each with a resolution of 256 ⇥ 256. Best viewed when zoomed in. For more samples cf . the supplement.
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nificant FID [29] gap of 38 between pixel-based diffusion
(LDM-1) and LDM-8 after 2M training steps.
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Figure: Generated samples from a diffusion model
trained on CelebrA-HQ (faces).a

aImages from Rombach, Robin, et al.
Proceedings of the IEEE/CVF conference on
computer vision and pattern recognition. 2022.George Deligiannidis Denoising Diffusion Models October 23, 2025 5/90



The main idea

• Corrupt data by progressively adding noise, until indistinguishable from noise
• Learn reverse denoising process
• Apply the reverse denoising process to noise to produce fresh samples
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Ingredients 1: score matching

• We are given samples X1, . . . , Xn „ pdata; how to produce more?
• If we knew the score function ∇x log pdatapxq: use Langevin MCMC to sample.
• Let’s learn the score function from data — score matching (SM) (Hyvärinen 2005).
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• Let’s learn the score function from data — score matching (SM) (Hyvärinen 2005).

Explicit Score Matching: argminθPΘ
1
n

n
ÿ

i“1
}sθpXiq ´ ∇ log pdatapXiq

loooooooomoooooooon

intractable

}2.

Fortunately, Hyvärinen 2005 shows that the above is equivalent to

Implicit Score Matching pISMq: argminθPΘ

n
ÿ

i“1

´

Tracep∇xsθpXiqq ` 1
2}sθpXiq}2

¯

.
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ESM vs ISM
Why?

EESMpθq “
ż

}sθpxq ´ ∇ log pdatapxq}2pdatapdxq

“
ż

}sθpxq}2pdatapdxq ´
ż

2sθpxqJ ∇pdatapxq
pdatapxq pdatapxqdx ` constant in θ

˝“
ż

}sθpxq}2pdatapdxq ´ 2
ż

sθpxqJ∇pdatapxqdx

integration by parts, assuming lim}x}Ñ8 pdatapxqsθpxq “ 0

˝“
ż

}sθpxq}2pdatapdxq ´ 2
“

sJ
θ ∇pdatapxq‰8

´8
looooooooomooooooooon

“0

`2
ż

rpdatapxq∇ ¨ sθpxqs

˝“
ż

“}sθpxq}2 ` 2Tracepsθpxqq‰

pdatapdxq.
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Ingredients 2: (de)Noising

• Learning ∇ log pdata is hard if pdata is supported on a low-dimensional manifold (e.g. images)
• Estimation hard away from modes.
• Even if we could learn it, sampling is slow (Langevin MCMC), as pdata typically multimodal or

complex geometry.
• Idea: regularise by adding noise!
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Ingredients 2: (de)Noising

• Add Gaussian noise to pdata: pσ “ pdata ˚ N p0, σ2Iq
• pσ has full support, smoother, easier to learn
• Denoising Score Matching (DSM) Vincent 2011: learn ∇ log pσ using score matching.
• Data? Easy!

Yi “ Xi ` σZi, Zi „ N p0, Iq, i “ 1, . . . , n.

• Score Matching objective applied to pσ:

ESMσpθq “ argminθPΘ
1
n

n
ÿ

i“1
}sθpYiq ´ ∇ log pσpYiq

loooooomoooooon

intractable

}2.

• Yet again intractable.
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Ingredients 2: (de)Noising
Here comes the magic:

EESMσpθq “
ż

}sθpyq ´ ∇ log pσpyq}2pσpdyq
˝“

ż

}sθpyq}2pσpdyq ´ 2
ż

sθpyqJ∇pσpyqdy

Write qσpy|xq :“ N px, σ2Iq, the density of Y |X “ x. Then

∇pσpyq “ ∇y

ż

pdatapxqqσpy|xqdx

“
ż

pdatapxq∇yqσpy|xqdx

“
ż

pdatapxq∇yqσpy|xq
qσpy|xq qσpy|xqdx

“
ż

pdatapxq∇y log qσpy|xqqσpy|xqdx.
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Thus

EESMσpθq ˝“
ż

}sθpyq}2pσpdyq ´ 2
ż

sθpyqJ∇pσpyqdy

˝“
ż ż

}sθpyq}2pσpdyq ´ 2
ż

x

ż

y

sθpyqJ∇y log qσpy|xqqσpy|xqdy pdatapxqdx

˝“
ĳ

}sθpyq ´ ∇y log qσpy|xq}2qσpy|xqdy pdatapxqdx.

The above is fully tractable and suggests using the following objective:

Denoising Score Matching (DSM): argminθPΘ
1
n

n
ÿ

i“1
}sθpYiq ´ ∇y log qσpYi|Xiq}2.

where Xi „ pdata, Yi|Xi „ N pXi, σ2Iq.
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Denoising score matching

So does it work?

Benefits: much more stable than ISM.

Drawbacks: choice of σ critical
• σ too small: pσ « pdata, problems of ISM remain.
• σ too large: denoising too hard, ∇ log pσ very different from ∇ log pdata.
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Beginnings of Diffusion Models
Solution: Y. Song and Ermon 2019 suggest using multiple noise levels σ1 ă σ2 ă ¨ ¨ ¨ ă σK , and

learning sθpx, σq using a noise-conditional score network.

This creates a sequence of auxiliary targets:

pσ1
data, pσ2

data, . . . , pσK

data.Small σ: bad score
estimation, hard to
sample close to
pdata.

Large σ: good
score estimation,
easy to sample, far
from pdata.

Use a noise-dependent neural network to learn

sθpx, σq « pσ, xq ÞÑ ∇ log pσ
datapxq.

Finally use annealed Langevin dynamics to guide samples through

pσK

data Ñ p
σK´1
data Ñ ¨ ¨ ¨ Ñ pσ1

data « pdata.
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Denoising diffusion models: Discrete time
Ho, Jain, and Abbeel 2020 propose the following discrete time approach:

• Forward noising process:

Xk “ a

1 ´ βkXk´1 ` a

βkZk, Zk „ N p0, Iq, k “ 1, . . . , K.

• Equivalently, this is a discrete time Markov process X0, . . . , XK with

X0 „ pdata, qjpXj |Xj´1q “ N p?
αjXj´1, βjIq, αj :“ 1 ´ βj .

• Notice that Xk | X0 „ N
`?

ᾱk X0, p1 ´ ᾱkq I
˘

, where ᾱk :“ śk
i“1 αi and ᾱ0 :“ 1.
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Denoising diffusion models: Discrete time

If ᾱK « 0, then XK « N p0, Iq.
Generative model: Sample

YK „ N p0, Iq, Yk´1|Yk „ pkpYk´1|Ykq, k “ K, K ´ 1, . . . , 1.

Then Y0 « pdata.
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DDM in discrete time: Denoising I

Problem: We don’t know the reverse denoising process pkpXk´1|Xkq, k “ 1, . . . , K.

Simply using Bayes’ rule we have that

pkpxk´1|xkq “ qk´1pxk´1qqkpxk|xk´1q
qkpxkq , qk “ LawpXkq.

Problem: qk is intractable.

Solution: Taylor expand

log qk´1pxk´1q « log qkpxk´1q « qkpxkq ´ pxk ´ xk´1qJ∇ log qkpxkq ` . . .

Ignoring the higher order terms and plugging in we get

pkpxk´1|xkq « 1?
2πβk

d
exp

ˆ

´ 1
2β2

k

}xk ´ ?
αkxk´1}2 ´ pxk ´ xk´1qJ∇ log qkpxkq

˙

.
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DDM in discrete time: Denoising II

Completing the square we get

9 1?
2πβk

d
exp

„

´ 1
2β2

k

!

αk}xk´1}2 ´ 2xJ
k´1

´?
αkxk ` βk∇ log qkpxkq

¯)

ȷ

9 1?
2πβk

d
exp

„

´ αk

2β2
k

!

}xk´1}2 ´ 2xJ
k´1

´ xk?
αk

` βk?
αk

∇ log qkpxkq
¯)

ȷ

9 1?
2πβk

d
exp

„

´ αk

2β2
k

›

›

›
xk ´ 1?

αk
pxk ` βk∇ log qkpxkqq

›

›

›

2
ȷ

,

and thus
Xk´1|Xk “ xk « N

ˆ

1?
αk

pxk ` βk∇ log qkpxkqq ,
β2

k

αk
I

˙

.

BUT: we don’t know ∇ log qk.
Recall: qk is the law of the noisy sample Xk.
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DDM in discrete time: Denoising I

Alternative derivation: We can explicitly write down qpxk´1|xk, x0q as

qpxk´1|x0, xkq “ N pxk´1; µ̃kpx0, xkq, β̃kIq, where

µ̃kpx0, xkq “
?

αkp1 ´ ᾱk´1q
1 ´ ᾱk

xk `
?

ᾱk´1βk

1 ´ ᾱk
x0, β̃k “ p1 ´ ᾱk´1qβk

1 ´ ᾱk
.

Thus

qpxk´1|xkq “
ż

qpxk´1|x0, xkqppx0|xkqdx0

“
ż

N pxk´1; µ̃kpx0, xkq, β̃kIqppx0|xkqdx0

and approximating ppx0|xkq by a delta mass at its mean Erx0|xks we get

« N
`

xk´1; µ̃kpxk,Erx0|xksq, β̃kI
˘

.
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DDM in discrete time: Denoising II

This approximation is reasonable if k is not too large and the discretisation step is quite fine.
Continuing

xk´1|xk « N
ˆ?

αkp1 ´ ᾱk´1q
1 ´ ᾱk

xk `
?

ᾱk´1βk

1 ´ ᾱk
Erx0|xks, p1 ´ ᾱk´1qβk

1 ´ ᾱk
I

˙

.

This simplifies to

xk´1|xk « N
ˆ?

αkp1 ´ ᾱk´1q
1 ´ ᾱk

xk `
?

ᾱk´1βk

1 ´ ᾱk
Erx0|xks, p1 ´ ᾱk´1qβk

1 ´ ᾱk
I

˙

.

Problem: the unknown expression now is a conditional expectation ErX0|Xk “ xks.
Idea: learn it using Denoising Score Matching!
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DDM in discrete time: Tweedie’s formula I

We’ve found two distinct approximations for qpxk´1|xkq:

pkpxk´1|xkq « N
ˆ

1?
αk

pxk ` βk∇ log qkpxkqq ,
β2

k

αk
I

˙

,

« N
ˆ?

αkp1 ´ ᾱk´1q
1 ´ ᾱk

xk `
?

ᾱk´1βk

1 ´ ᾱk
ErX0|Xk “ xks, p1 ´ ᾱk´1qβk

1 ´ ᾱk
I

˙

.
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DDM in discrete time: Tweedie’s formula
Question: How are they related?

The answer is given by Tweedie’s formula (Efron 2011):

Theorem
Let X0 „ p and Y |X0 “ x „ N px, σ2Iq. Then

ErX0|Y “ ys “ y ` σ2∇ log pσpyq, pσ “ p ˚ N p0, σ2Iq.

Proof.
The proof is simple and goes as follows:

∇ log pσpyq “ ∇pσpyq
pσpyq “

ż

y ´ x

σ2
1

p2πσ2qd{2
ppxqe´

}y´x}2

2σ2

pσpyq dx “ 1
σ2 ErY ´ X0|Y “ ys,

where X0 „ pdata, Y |X0 “ x „ N px, σ2Iq. Rearranging gives the result.
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Tweedie’s formula in our case I

By a simple modification of the proof of Tweedie’s formula we get that

p̃a,b “ LawpaX0 ` bZq, X0 „ pdata, Z „ N p0, Iq,
∇ log pa,bpyq “ 1

b
ErY ´ aX0|Y “ ys

ùñ ErX0|Y “ ys “ 1
a

py ´ b∇ log pa,bpyqq .

Therefore in our case, since Xk|X0 „ N p?
ᾱkX0, p1 ´ ᾱkqIq, we have

ErX0|Xk “ xks “ 1?
ᾱk

pxk ` p1 ´ ᾱkq∇ log qkpxkqq .

Plugging in to the formula for µ̃k we get

µ̃kpxk,ErX0|Xk “ xksq “
?

αkp1 ´ ᾱk´1q
1 ´ ᾱk

xk `
?

ᾱk´1βk

1 ´ ᾱk
ErX0|Xk “ xks
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Tweedie’s formula in our case II

“
?

αkp1 ´ ᾱk´1q
1 ´ ᾱk

xk `
?

ᾱk´1βk

1 ´ ᾱk

1?
ᾱk

pxk ` p1 ´ ᾱkq∇ log qkpxkqq

“ 1
1 ´ ᾱk

„?
αkp1 ´ ᾱk´1qxk ` βk?

αk
xk

ȷ

` βk?
αk

∇ log qkpxkq.

Using βk “ 1 ´ αk and ᾱk “ ᾱk´1αk we can combine the xk terms to

?
αkp1 ´ ᾱk´1q ` βk?

αk
“ αkp1 ´ ᾱk´1q?

αk
` 1 ´ αk?

αk
“ αk ´ αkᾱk´1 ` 1 ´ αk?

αk
“ 1 ´ ᾱk?

αk
.

Thus overall we have

µ̃kpxk,ErX0|Xk “ xksq “ 1 ´ ᾱk?
αk

xk ` βk?
αk

∇ log qkpxkq

“ 1?
αk

pxk ` βk∇ log qkpxkqq .
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Parameterisation and learning

Recall that we have shown that

Xt´1|Xt “ xt „ ptp¨|xtq « N
ˆ

1?
αt

pxt ` βt∇ log qtpxtqq ,
β2

t

αt
I

˙

.

Problem: we don’t know ∇ log qt.
Solution: Let’s replace ∇ log qtpxtq by a neural network approximation sθ : r0, T s ˆ Rd Ñ Rd and
define

pθ
t pxt´1|xtq “ N

ˆ

sθpt, xtq, β2
t

αt
I

˙

.

Here we think of t as a continuous time variable, and sθ as a time-dependent neural network.

How do we train sθ?
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Parameterisation and learning (ctd.)

Key observation: Let’s do regression!
If we could solve

arg min
θPΘ

EXt„qt

«

T
ÿ

t“1
}∇ log qtpXtq ´ sθpt, Xtq}2

ff

, (ESM) {eq:ddm-esm}{eq:ddm-esm}

we would be done!
Problems:
(1) We don’t know ∇ log qt.
(2) The expectation is over the unknown distribution of the forward noising process q.
Second problem easy! Sample from qt by sampling X0 „ pdata and then running the forward
noising process.
The first problem is more serious.
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Parameterisation and learning (ctd.)
Recall the equivalent Denoising Score Matching (DSM):

arg min
θPΘ

T
ÿ

t“1

ĳ

“}∇ log qt|0pxt|x0q ´ sθpt, xtq}2‰

pdatapdx0qqt|0pxt|x0q (DSM) {eq:ddm-esm}{eq:ddm-esm}

where as we saw earlier it is easy to show that qt|0pxt|x0q “ N pxt;
?

ᾱtx0, p1 ´ ᾱtqIq.
In practice: empirical DSM objective of the form

arg min
θPΘ

T
ÿ

t“1

N
ÿ

i“1

”

}∇ log qt|0pXpiq

t |Xpiq

0 q ´ sθpt, X
piq

t q}2
ı

, (emp-DSM) {eq:ddm-emp-esm}{eq:ddm-emp-esm}

X
piq

0
i.i.d.„ pdata, X

piq

t |Xpiq

0 „ qt|0p¨|Xpiq

0 q. (1)

In fact the sum over t can be replaced by an expectation over the uniform distribution on r0, T s.
Key point: It is very important for the efficiency of training that we can sample pX0, Xtq easily,
without having to use sθ or sample intermediate steps of the forward process.
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DDM in discrete time: ELBO objective

Ho, Jain, and Abbeel 2020 start deriving their objective by viewing the sampling distribution
pθ P PpRdq of a DDM as a latent variable model

pθpx0q “
ż

pθpx0, . . . , xT qdx1:T ,

where x1, . . . , xT P Rd are the intermediate steps of the forward process.

Different parameterisation for the reverse denoising kernels:

pθ
t|t`1pxt|xt`1q “ N pxt; µθpt ` 1, xt`1q, σ2

t`11q, t “ 0, . . . , T ´ 1 (2)
pθpx0:T q “ pT pxT qpθ

T ´1|T pxT ´1|xT q . . . pθ
0|1px0|x1q, (3)

where pT pxT q “ N pxT ; 0, 1q.
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DDM in discrete time: ELBO objective (ctd.)

ELBO: train by maximising average log-likelihood of data

Epdata rlog pθpx0qs “ Ex0„pdata

„

log
ż

pθpx0:T qdx1:T

ȷ

“ Ex0„pdata

„

log
ż

pθpx0:T q
q1:T |0px1:T |x0qq1:T |0px1:T |x0qdx1:T

ȷ

ě Ex0:T „q

„

log pθpx0:T q
q1:T |0px1:T |x0q

ȷ

.

where recall q P PpRdˆT q is the joint distribution of the forwards process.
Remark: notice that in contrast to typical variational inference, q is fixed and known, and we are
only optimising over pθ.
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DDM in discrete time: ELBO objective (ctd.)

ELBO can be re-arranged into terms involving only consecutive pairs of variables

Epdata rlog pθpx0qs ě Ex0:T „q

„

log pθpx0:T q
q1:T |0px1:T |x0q

ȷ

“ Ex0:T „q

«

log pT pxT q `
T

ÿ

t“2
log

pθ
t´1|tpxt´1|xtq

qt|t´1pxt|xt´1q ` log
pθ

0|1px0|x1q
q1|0px1|x0q

ff

.

Recall that

qt|t´1pxt|xt´1q “ qt|t´1,0pxt|xt´1, x0q (by Markov property)

“ qt,t´1|0pxt, xt´1|x0q
qt´1|0pxt´1|x0q

“ qt´1|t,0pxt´1|xt, x0qqt|0pxt|x0q
qt´1|0pxt´1|x0q .
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DDM in discrete time: ELBO objective (ctd.)
Plugging in the expression for qt|t´1 we get

Epdata rlog pθpx0qs

ě Ex0:T „q

„

log pT pxT q `
T

ÿ

t“2
log

pθ
t´1|tpxt´1|xtq

qt´1|t,0pxt´1|xt, x0q
qt´1|0pxt´1|x0q

qt|0pxt|x0q ` log
pθ

0|1px0|x1q
q1|0px1|x0q

ȷ

“ Ex0:T „q

«

log pT pxT q `
T

ÿ

t“2
log

pθ
t´1|tpxt´1|xtq

qt´1|t,0pxt´1|xt, x0q ` log
pθ

0|1px0|x1q
q1|0px1|x0q `

T
ÿ

t“2
log

qt´1|0pxt´1|x0q
qt|0pxt|x0q

“ Ex0:T „q

«

log pT pxT q `
T

ÿ

t“2
log

pθ
t´1|tpxt´1|xtq

qt´1|t,0pxt´1|xt, x0q ` log
pθ

0|1px0|x1q
q1|0px1|x0q

` log q1|0px1|x0q ´ log qT |0pxT |x0q‰
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DDM in discrete time: ELBO objective (ctd.)
Telescoping the final sum

“ Ex0:T „q

«

log pT pxT q
qT |0pxT |x0q `

T
ÿ

t“2
log

pθ
t´1|tpxt´1|xtq

qt´1|t,0pxt´1|xt, x0q ` log pθ
0|1px0|x1q

ff

“ Ex0:T „q

„

´ KL
´

qT |0p¨|x0q
›

›

›
pT p¨q

¯

looooooooooooomooooooooooooon

LT

´
T

ÿ

t“2
KL

´

qt´1|t,0p¨|xt, x0q
›

›

›
pθ

t´1|tp¨|xtq
¯

looooooooooooooooooooomooooooooooooooooooooon

Lt´1

´ log pθ
0|1px0|x1q

looooooomooooooon

L0

ȷ

.

Recall:

(1) qt´1|t,0pxt´1|xt, x0q “ N pxt´1; µ̃tpxt, x0q, β̃t1q, where

µ̃tpxt, x0q “
?

ᾱt´1βt

1 ´ ᾱt
x0 `

?
1 ´ βtp1 ´ ᾱt´1q

1 ´ ᾱt
xt, β̃t “ p1 ´ ᾱt´1q

1 ´ ᾱt
βt.
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DDM in discrete time: ELBO objective (ctd.)

(2) The backwards kernels are parameterised as

pθ
t´1|tpxt´1|xtq “ N pxt´1; µθpt, xtq, σ2

t 1q, t “ 1, . . . , T.

(3)or µi P Rd, and Σi d-dimensional covariance matrices,

KL
`

N pµ1, Σ1q›

›N pµ2, Σ2qq
“ 1

2

„

log detpΣ2q
detpΣ1q ` 1

2 tracepΣ´1
2 Σ1q ` pµ2 ´ µ1q⊺Σ´1

2 pµ2 ´ µ1q ´ d

ȷ

. (4) {eq:kl_gaussians}{eq:kl_gaussians}

Therefore we can now compute

Lt´1 “ KL
´

qt´1|t,0p¨|xt, x0q
›

›

›
pθ

t´1|tp¨|xtq
¯

.
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DDM in discrete time: ELBO objective (ctd.)
Using (4) with µ1 “ µ̃tpxt, x0q, Σ1 “ β̃t1, µ2 “ µθpt, xtq, Σ2 “ σ2

t 1 we get

Lt´1 “ 1
2

„

d log σ2
t

β̃t

` d

2
β̃t

σ2
t

` 1
σ2

t

}µθpt, xtq ´ µ̃tpxt, x0q}2 ´ d

ȷ

˝“ 1
2σ2

t

Eq }µθpt, xtq ´ µ̃tpxt, x0q}2
.

The term then fits a neural network taking as input t, xt to predict µ̃tpxt, x0q.
When x0, xt „ q0t we can also reparameterise xt as

xt “ ?
ᾱtx0 ` ?

1 ´ ᾱtξ, ξ „ N p0, 1q,
and therefore

µ̃tpxt, x0q “ 1?
αt

ˆ

xt ´ βt?
1 ´ ᾱt

ξ

˙

.
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DDM in discrete time: ELBO objective (ctd.)

At this point, since we want µθ
t to take xt as input, we may reparameterise it as

µθpt, xtq “ 1?
αt

ˆ

xt ´ βt?
1 ´ ᾱt

ξθpt, xtq
˙

. (5)

With this parameterisation Lt´1 becomes

Lt´1 “ 1
2σ2

t

Ex0„pdata,ξ„N

›

›

›

›

1?
αt

ˆ

xt ´ βt?
1 ´ ᾱt

ξθpt, xtq
˙

´ 1?
αt

ˆ

xt ´ βt?
1 ´ ᾱt

ξ

˙
›

›

›

›

2
` const.

“ β2
t

2αtp1 ´ ᾱtqσ2
t

Ex0„pdata,ξ„N
›

›ξθ
`

t,
?

ᾱtx0 ` ?
1 ´ ᾱtξ

˘ ´ ξ
›

›

2 ` const..

Finally we have the L0 which is simply given by

L0 “ Eqrlog pθ
0|1px0|x1qs “ Eqr´ 1

2σ2
1

}x0 ´ µθp1, x1q}2s ` const..
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DDM in discrete time: ELBO objective (ctd.)

Notice that since x1 “ ?
1 ´ β1x0 ` β1ξ, we we can write x0 “ 1?

1 ´ β1
px1 ´ β1ξq .

Reparameterise µθp1, x1q as µθp1, x1q “ 1?
1 ´ β1

px1 ´ β1ξθp1, x1qq .

Thus

L0 “ 1
2σ2

1
Ex0,ξ

›

›

›

›

1?
1 ´ β1

”

x1px0, ξq ´ β1ξ
ı

´ 1?
1 ´ β1

”

x1px0, ξq ´ β1ξθp1, x1px0, ξqq
ı

›

›

›

›

2

“ β2
1

2p1 ´ β1qσ2
1
Ex0,ξ

›

›

›
ξ ´ ξθ

´

1,
a

1 ´ β1x0 ` β1ξ
¯

›

›

›

2
.
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DDM in discrete time: ELBO objective (ctd.)
Putting everything together we obtain the objective

LELBOpθq “
T ´1
ÿ

t“0

β2
t

2αtp1 ´ α̃tqσ2
t

Ex0„pdata,ξ„N

›

›

›
ξθ

`

t,
?

ᾱtx0 ` ?
1 ´ ᾱtξ

˘ ´ ξ}2, (6)

where α̃0 “ 1 and α̃t “ ᾱt for t ą 1. Ho, Jain, and Abbeel 2020 suggest choosing either σ2
t :“ βt

or σ2
t “ βtp1 ´ ᾱt´1q{p1 ´ ᾱtq.

Remark
Ho, Jain, and Abbeel 2020 report that they had good results with a simplified object given by

Simple DDPM objective

Lsimplepθq :“ E x0„pdata
ξ„N p0,1q

t„Up0:T q

›

›

›
ξθ

`

t,
?

ᾱtx0 ` ?
1 ´ ᾱtξ

˘ ´ ξ
›

›

›

2
(7) {eq:simple_objective}{eq:simple_objective}

where one replaces the sum over t with sampling a random time uniformly from r0 : T s.
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DDM in discrete time: the generative model

Given a trained model θ‹, we can sample from pθ‹ by
(1) Sample XT „ N p0, Iq
(2) For t “ T, T ´ 1, . . . , 1 sample

Xt´1 “ 1?
αt

ˆ

Xt ´ βt?
1 ´ ᾱt

ξθ‹ pt, Xtq
˙

` σtZt, Zt „ N p0, Iq.
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Noising schedules

• The choice of the noising schedule pβtqT
t“1 is very important.

• Ho, Jain, and Abbeel 2020 suggest a linear schedule βt “ βmin ` t´1
T ´1 pβmax ´ βminq with

βmin “ 0.0001 and βmax “ 0.02.
• There are other choices, like quadratic or cosine schedules A. Q. Nichol and Dhariwal 2021.
• These attempt to allocate more time points towards the early stages of noising, where the

data distribution is more complex.
• This has the effect of making the learning of the target more gradual.
• Also most schedules tend to stop just before βT “ 0 where the score blows up.
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Continuous time diffusion



Continuous time DDMs

Soon after Ho, Jain, and Abbeel 2020, another formulation appeared in Y. Song, Sohl-Dickstein,
et al. 2021.

This is based on stochastic differential equations and is very elegant.

Again suppose that we have samples Xi „ pdata.

Noising process: given by the Ornstein-Uhlenbeck SDE

dYt “ ´Ytdt ` ?
2dWt, Y0 „ pdata (8) {eq:VP-SDE}{eq:VP-SDE}

where Wt is a Brownian motion.

Notation: Write
– qt|spxt|xsq for the transition of the forward process
– pt for the distribution of Yt.

The latent variable here is a continuous time path pYt : t ě 0q instead of a vector pX1, . . . , XT q.
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Continuous time DDMs (ctd.)

This is an auto-regressive process, the continuous time equivalent of an AR(1) process and has
several nice properties.

(a) Yt`h|Yt „ N pe´hYt, p1 ´ e´2hqIq, for t, h ě 0.
(b) It is a Markov process, with N p0, Iq as its unique stationary distribution.
(c) It forgets its initialisation at an dimension-free, exponential rate:

YT « N p0, Iq, T " 1.
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Continuous time DDMs—Time Reversal

The real magic happens when we try to reverse the process.

Theorem (Anderson 1982)
Let Yt be the solution to the SDE (8) with Y0 „ pdata.

Then for any T ą 0, the time reversal Zt :“ YT ´t, t P r0, T s is the solution to the SDE

dZt “ ´rZt ` 2∇ log pT ´tpZtqsdt ` ?
2dBt, ZT „ N p0, Iq. (9)

Remark
Notice that in this formulation the score appears naturally.
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Conditional diffusion models and guid-
ance



Conditional score matching

Goal: learn to sample from LawpX|Y “ yq for some y,

given: samples pXi, Yiq „ pdata from the joint.

If: samples X1, . . . , Xn from conditional LawpX|Y “ yq previous techniques would work.

Let’s see what we can do with samples from the joint.

Maximizing the standard ESM objective on the joint:

arg min
θPΘ

E
“}∇x log pdatapX, Y q ´ sθpX, Y q}2‰

. (10)
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Conditional score matching
Notice that

ĳ

}∇x log pdatapx, yq ´ sθpx, yq}2pdatapx, yqdxdy

˝“
ĳ

“}sθpx, yq}2 ´ 2∇x log pdatapx, yqJsθpx, yq‰

pdatapx, yqdxdy

˝“
ĳ

}sθpx, yq}2pdatapx, yqdxdy ´ 2
ĳ

∇xpdatapx, yqJsθpx, yqdxdy

˝“
ĳ

}sθpx, yq}2pdatapx, yqdxdy ` 2
ĳ

sθpx, yqJ∇xrpdatapyqpdatapx|yqsdxdy

˝“
ĳ

}sθpx, yq}2pdatapx, yqdxdy ` 2
ĳ

sθpx, yqJpdatapyq∇xrpdatapx|yqsdxdy

˝“
ż ż

›

›

›
sθpx, yq ´ ∇x log pdatapx|yq

›

›

›

2
pdatapx|yqdxpdatapyqdy.

If tractable the ESM objective would allows us to learn the
But we don’t have access to the score ∇x log pdatapx, yq.
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Conditional score matching (ctd.)
Suppose then that we instead look at

pσ
datapx, yq “ pdatapyq

ż

pdatapx ´ z|yq ˚ ϕσpzqdz,

where ˚ denotes convolution and ϕσpzq “ N pz; 0, σ21q.
Then the same calculation as for unconditional denoising score matching
ż

›

›

›
sθpx, yq ´ ∇x log pσ

datapx|yq
›

›

›

2
pdatapx|yqdx

˝“
ż

}sθpx, yq ´ ∇x log qσpz|xq}2pdatapx|yqqσpz|xqdzdx

Therefore supposing we have samples pXi, Yiq „ pdata we can solve

arg min
θ

n
ÿ

i“1
}sθpXi, Yiq ´ ∇x log qσpZi|Xiq}2, Zi “ Xi ` ξi, ξi

i.i.d.„ N p0, σ21q

Conditional Score Matching is already present in the original J. Song, Meng, and Ermon 2020
and Ho, Jain, and Abbeel 2020 without much detail.
Better explained in Batzolis et al. 2021.
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Conditional DDMs
We can now learn the conditional score.

Given samples pXi, Yiq „ pdata we can train a conditional score network sθpx, y, tq by minimising
for example the simplified objective

arg min
θ

:“
N
ÿ

i“1

K
ÿ

k“1

›

›

›
ξθ

`

tk,
a

ᾱtk
Xi ` a

1 ´ ᾱtk
ξ, Yi

˘ ´ ξ
›

›

›

2
(11) {eq:simple_objective_conditional}{eq:simple_objective_conditional}

tk „ Unifp0 : T q, ξ „ N p0, Iq. (12)

Discrete time: Given the trained model θ‹, we can sample from LawpX|Y “ yq by
(1) Sample XT „ N p0, Iq
(2) For t “ T, T ´ 1, . . . , 1 sample

Xt´1 “ 1?
αt

ˆ

Xt ´ βt?
1 ´ ᾱt

ξθ‹ pt, Xt, yq
˙

` σtZt, Zt „ N p0, Iq.
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Conditional DDMs (ctd.)

For example Y could be a class label (e.g. horse, automobile), a low-resolution image, or a text
embedding.

Published as a conference paper at ICLR 2021

Figure 4: Left: Class-conditional samples on 32 ˆ 32 CIFAR-10. Top four rows are automobiles and
bottom four rows are horses. Right: Inpainting (top two rows) and colorization (bottom two rows)
results on 256 ˆ 256 LSUN. First column is the original image, second column is the masked/gray-
scale image, remaining columns are sampled image completions or colorizations.

from ptpxptq | yq by starting from pT pxpT q | yq and solving a conditional reverse-time SDE:

dx “ tfpx, tq ´ gptq2rrx log ptpxq ` rx log ptpy | xqsudt ` gptqdw̄. (14)

In general, we can use Eq. (14) to solve a large family of inverse problems with score-based generative
models, once given an estimate of the gradient of the forward process, rx log ptpy | xptqq. In some
cases, it is possible to train a separate model to learn the forward process log ptpy | xptqq and
compute its gradient. Otherwise, we may estimate the gradient with heuristics and domain knowledge.
In Appendix I.4, we provide a broadly applicable method for obtaining such an estimate without the
need of training auxiliary models.

We consider three applications of controllable generation with this approach: class-conditional
generation, image imputation and colorization. When y represents class labels, we can train a
time-dependent classifier ptpy | xptqq for class-conditional sampling. Since the forward SDE
is tractable, we can easily create training data pxptq,yq for the time-dependent classifier by first
sampling pxp0q,yq from a dataset, and then sampling xptq „ p0tpxptq | xp0qq. Afterwards, we
may employ a mixture of cross-entropy losses over different time steps, like Eq. (7), to train the
time-dependent classifier ptpy | xptqq. We provide class-conditional CIFAR-10 samples in Fig. 4
(left), and relegate more details and results to Appendix I.

Imputation is a special case of conditional sampling. Suppose we have an incomplete data point
y where only some subset, ⌦pyq is known. Imputation amounts to sampling from ppxp0q | ⌦pyqq,
which we can accomplish using an unconditional model (see Appendix I.2). Colorization is a special
case of imputation, except that the known data dimensions are coupled. We can decouple these data
dimensions with an orthogonal linear transformation, and perform imputation in the transformed
space (details in Appendix I.3). Fig. 4 (right) shows results for inpainting and colorization achieved
with unconditional time-dependent score-based models.

6 CONCLUSION

We presented a framework for score-based generative modeling based on SDEs. Our work enables a
better understanding of existing approaches, new sampling algorithms, exact likelihood computation,
uniquely identifiable encoding, latent code manipulation, and brings new conditional generation
abilities to the family of score-based generative models.

While our proposed sampling approaches improve results and enable more efficient sampling, they
remain slower at sampling than GANs (Goodfellow et al., 2014) on the same datasets. Identifying
ways of combining the stable learning of score-based generative models with the fast sampling of
implicit models like GANs remains an important research direction. Additionally, the breadth of
samplers one can use when given access to score functions introduces a number of hyper-parameters.
Future work would benefit from improved methods to automatically select and tune these hyper-
parameters, as well as more extensive investigation on the merits and limitations of various samplers.
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(a) Class-conditional image generation with DDMs
conditioned on label car. From Ho, Jain, and Abbeel 2020.

Published as a conference paper at ICLR 2021

Figure 4: Left: Class-conditional samples on 32 ˆ 32 CIFAR-10. Top four rows are automobiles and
bottom four rows are horses. Right: Inpainting (top two rows) and colorization (bottom two rows)
results on 256 ˆ 256 LSUN. First column is the original image, second column is the masked/gray-
scale image, remaining columns are sampled image completions or colorizations.

from ptpxptq | yq by starting from pT pxpT q | yq and solving a conditional reverse-time SDE:

dx “ tfpx, tq ´ gptq2rrx log ptpxq ` rx log ptpy | xqsudt ` gptqdw̄. (14)

In general, we can use Eq. (14) to solve a large family of inverse problems with score-based generative
models, once given an estimate of the gradient of the forward process, rx log ptpy | xptqq. In some
cases, it is possible to train a separate model to learn the forward process log ptpy | xptqq and
compute its gradient. Otherwise, we may estimate the gradient with heuristics and domain knowledge.
In Appendix I.4, we provide a broadly applicable method for obtaining such an estimate without the
need of training auxiliary models.

We consider three applications of controllable generation with this approach: class-conditional
generation, image imputation and colorization. When y represents class labels, we can train a
time-dependent classifier ptpy | xptqq for class-conditional sampling. Since the forward SDE
is tractable, we can easily create training data pxptq,yq for the time-dependent classifier by first
sampling pxp0q,yq from a dataset, and then sampling xptq „ p0tpxptq | xp0qq. Afterwards, we
may employ a mixture of cross-entropy losses over different time steps, like Eq. (7), to train the
time-dependent classifier ptpy | xptqq. We provide class-conditional CIFAR-10 samples in Fig. 4
(left), and relegate more details and results to Appendix I.

Imputation is a special case of conditional sampling. Suppose we have an incomplete data point
y where only some subset, ⌦pyq is known. Imputation amounts to sampling from ppxp0q | ⌦pyqq,
which we can accomplish using an unconditional model (see Appendix I.2). Colorization is a special
case of imputation, except that the known data dimensions are coupled. We can decouple these data
dimensions with an orthogonal linear transformation, and perform imputation in the transformed
space (details in Appendix I.3). Fig. 4 (right) shows results for inpainting and colorization achieved
with unconditional time-dependent score-based models.

6 CONCLUSION

We presented a framework for score-based generative modeling based on SDEs. Our work enables a
better understanding of existing approaches, new sampling algorithms, exact likelihood computation,
uniquely identifiable encoding, latent code manipulation, and brings new conditional generation
abilities to the family of score-based generative models.

While our proposed sampling approaches improve results and enable more efficient sampling, they
remain slower at sampling than GANs (Goodfellow et al., 2014) on the same datasets. Identifying
ways of combining the stable learning of score-based generative models with the fast sampling of
implicit models like GANs remains an important research direction. Additionally, the breadth of
samplers one can use when given access to score functions introduces a number of hyper-parameters.
Future work would benefit from improved methods to automatically select and tune these hyper-
parameters, as well as more extensive investigation on the merits and limitations of various samplers.
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(b) Class-conditional image generation with DDMs
conditioned on label horse. From Ho, Jain, and Abbeel
2020.

George Deligiannidis Denoising Diffusion Models October 23, 2025 49/90



Guidance

In generative models it is often useful to be able to do lower temperature sampling.

ie reducing the randomness in the generative process:

the aim is to reduce diversity but improve sample quality.

In DDMs this can be done by guidance.

There are two main types of guidance:
– Classifier guidance Dhariwal and A. Nichol 2021
– Classifier-free guidance Ho and Salimans 2021a

This is especially useful in conditional DDMs, where often classes overlap significantly.
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Guidance

To understand the effect of guidance look at the following image from Ho and Salimans 2021b.

Figure 2: The effect of guidance on a mixture of three Gaussians, each mixture component represent-
ing data conditioned on a class. The leftmost plot is the non-guided marginal density. Left to right
are densities of mixtures of normalized guided conditionals with increasing guidance strength.

classifier. By varying the strength of the classifier gradient, Dhariwal & Nichol can trade off Inception
score (Salimans et al., 2016) and FID score (Heusel et al., 2017) (or precision and recall) in a manner
similar to varying the truncation parameter of BigGAN.

We are interested in whether classifier guidance can be performed without a classifier. Classifier
guidance complicates the diffusion model training pipeline because it requires training an extra
classifier, and this classifier must be trained on noisy data so it is generally not possible to plug
in a pre-trained classifier. Furthermore, because classifier guidance mixes a score estimate with
a classifier gradient during sampling, classifier-guided diffusion sampling can be interpreted as
attempting to confuse an image classifier with a gradient-based adversarial attack. This raises the
question of whether classifier guidance is successful at boosting classifier-based metrics such as FID
and Inception score (IS) simply because it is adversarial against such classifiers. Stepping in direction
of classifier gradients also bears some resemblance to GAN training, particularly with nonparameteric
generators; this also raises the question of whether classifier-guided diffusion models perform well
on classifier-based metrics because they are beginning to resemble GANs, which are already known
to perform well on such metrics.

To resolve these questions, we present classifier-free guidance, our guidance method which avoids
any classifier entirely. Rather than sampling in the direction of the gradient of an image classifier,
classifier-free guidance instead mixes the score estimates of a conditional diffusion model and a
jointly trained unconditional diffusion model. By sweeping over the mixing weight, we attain a
FID/IS tradeoff similar to that attained by classifier guidance. Our classifier-free guidance results
demonstrate that pure generative diffusion models are capable of synthesizing extremely high fidelity
samples possible with other types of generative models.

2 BACKGROUND

We train diffusion models in continuous time (Song et al., 2021b; Chen et al., 2021; Kingma et al.,
2021): letting x ⇠ p(x) and z = {z� |� 2 [�min, �max]} for hyperparameters �min < �max 2 R,
the forward process q(z|x) is the variance-preserving Markov process (Sohl-Dickstein et al., 2015):

q(z�|x) = N (↵�x, �2
�I), where ↵2

� = 1/(1 + e��), �2
� = 1� ↵2

� (1)

q(z�|z�0) = N ((↵�/↵�0)z�0 , �2
�|�0I), where � < �0, �2

�|�0 = (1� e���0
)�2

� (2)

We will use the notation p(z) (or p(z�)) to denote the marginal of z (or z�) when x ⇠ p(x) and
z ⇠ q(z|x). Note that � = log↵2

�/�2
�, so � can be interpreted as the log signal-to-noise ratio of z�,

and the forward process runs in the direction of decreasing �.

Conditioned on x, the forward process can be described in reverse by the transitions q(z�0 |z�,x) =
N (µ̃�0|�(z�,x), �̃2

�0|�I), where

µ̃�0|�(z�,x) = e���0
(↵�0/↵�)z� + (1� e���0

)↵�0x, �̃2
�0|� = (1� e���0

)�2
�0 (3)

The reverse process generative model starts from p✓(z�min) = N (0, I). We specify the transitions:

p✓(z�0 |z�) = N (µ̃�0|�(z�,x✓(z�)), (�̃2
�0|�)1�v(�2

�|�0)v) (4)

2

Figure: Effect of guidance on sample quality and diversity. From Ho and Salimans 2021b.

The leftmost image is a sample from the unconditional, ”true” model.

The remaining images are samples from mixtures of conditional models with increasing guidance.

Note: guidance samples from a different model.
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Classifier guidance I

Classifier guidance was introduced in Dhariwal and A. Nichol 2021.
Ingredients:

– A conditional DDM with score sθpt, x, yq trained on samples pXi, Yiq „ pdata.
– A classifier pϕ

t py|xtq trained to predict Y from noisy samples Xt „ qt|0p¨|Xq.

Idea: use ∇x log pϕ
t py|xq to ”guide” the diffusion towards samples that favour the class label y.

Algorithm: modify the reverse SDE as

dXt “ ´rXt ` 2∇ log sθ
t pXt, yq ` 2γ∇ log pϕ

t py|Xtqsdt ` ?
2dBt. (13)

In discrete time this becomes, with the noise parameterisation,

Xt´1 “ 1?
αt

ˆ

Xt ´ βt?
1 ´ ᾱt

ξθpt, Xt, yq
˙

` σtZt ` γσ2
t ∇x log pϕ

t py|Xtq. (14)
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Classifier guidance (ctd.)

Since:
• sθpt, x, yq is an approximation of ∇x log ptpx|yq;
• pϕ

t py|xq is an approximation of ptpy|xtq;
• ptpy|xq “ ptpx|yq{ptpxq;

the SDE is really trying to approximate

dXt “ ´rXt ` 2∇x log ptpXt|yq ` 2γ∇x log pϕ
t py|Xtqsdt ` ?

2dBt

“ ´ rXt ` 2∇x log pptpXt|yqptpy|Xtqγqs dt ` ?
2dBt

BUT: it is wrong to interpret this as sampling from ptpx|yqptpy|xqγ , Chidambaram et al. 2024;
Bradley and Nakkiran 2024.

Strength γ: controls the amount of guidance. Increasing γ reduces diversity but improves sample
quality. Can be interpreted as corresponding to a classifier ppy|xqγ .
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Classifier guidance (ctd.)

Figure 3: Samples from an unconditional diffusion model with classifier guidance to condition
on the class "Pembroke Welsh corgi". Using classifier scale 1.0 (left; FID: 33.0) does not produce
convincing samples in this class, whereas classifier scale 10.0 (right; FID: 12.0) produces much more
class-consistent images.

We can now substitute this into the score function for p(xt)p(y|xt):

rxt log(p✓(xt)p�(y|xt)) = rxt log p✓(xt) +rxt log p�(y|xt) (12)

= � 1p
1� ↵̄t

✏✓(xt) +rxt log p�(y|xt) (13)

Finally, we can define a new epsilon prediction ✏̂(xt) which corresponds to the score of the joint
distribution:

✏̂(xt) := ✏✓(xt)�
p

1� ↵̄trxt log p�(y|xt) (14)

We can then use the exact same sampling procedure as used for regular DDIM, but with the modified
noise predictions ✏̂✓(xt) instead of ✏✓(xt). Algorithm 2 summaries the corresponding sampling
algorithm.

4.3 Scaling Classifier Gradients

To apply classifier guidance to a large scale generative task, we train classification models on
ImageNet. Our classifier architecture is simply the downsampling trunk of the UNet model with
an attention pool [49] at the 8x8 layer to produce the final output. We train these classifiers on the
same noising distribution as the corresponding diffusion model, and also add random crops to reduce
overfitting. After training, we incorporate the classifier into the sampling process of the diffusion
model using Equation 10, as outlined by Algorithm 1.

In initial experiments with unconditional ImageNet models, we found it necessary to scale the
classifier gradients by a constant factor larger than 1. When using a scale of 1, we observed that the
classifier assigned reasonable probabilities (around 50%) to the desired classes for the final samples,
but these samples did not match the intended classes upon visual inspection. Scaling up the classifier
gradients remedied this problem, and the class probabilities from the classifier increased to nearly
100%. Figure 3 shows an example of this effect.

To understand the effect of scaling classifier gradients, note that s ·rx log p(y|x) = rx log 1
Z p(y|x)s,

where Z is an arbitrary constant. As a result, the conditioning process is still theoretically grounded
in a re-normalized classifier distribution proportional to p(y|x)s. When s > 1, this distribution
becomes sharper than p(y|x), since larger values are amplified by the exponent. In other words, using
a larger gradient scale focuses more on the modes of the classifier, which is potentially desirable for
producing higher fidelity (but less diverse) samples.

In the above derivations, we assumed that the underlying diffusion model was unconditional, modeling
p(x). It is also possible to train conditional diffusion models, p(x|y), and use classifier guidance in
the exact same way. Table 4 shows that the sample quality of both unconditional and conditional
models can be greatly improved by classifier guidance. We see that, with a high enough scale, the
guided unconditional model can get quite close to the FID of an unguided conditional model, although
training directly with the class labels still helps. Guiding a conditional model further improves FID.

Table 4 also shows that classifier guidance improves precision at the cost of recall, thus introducing
a trade-off in sample fidelity versus diversity. We explicitly evaluate how this trade-off varies with

8

Figure: Effect of guidance strength γ on sample quality and diversity. Class label is ”Pembroke Welsh Corgi”.
Left γ “ 1.0, right γ “ 10.0. From Dhariwal and A. Nichol 2021.
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Classifier-free guidance

Classifier-free guidance was introduced in Ho and Salimans (2021b).

Ingredients:
– A conditional DDM pθpx|yq trained on samples pXi, Yiq „ pdata.

Idea: learn an unconditional model pθpxq by randomly dropping the condition Y during training.

That is we learn a single model sθpx, y, tq, where y is either the class label or a special token H
indicating no class.

This way we learn both the conditional and unconditional score.

Algorithm: modify the reverse SDE as

dXt “ ´rXt ` 2p1 ` γq∇ log sθ
t pXt, yq ´ 2γ∇ log sθ

t pXtqsdt ` ?
2dBt. (15)
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Flow matching

Flow matching was introduced in Lipman et al. 2023.

The basic objective remains the same:

given samples X1, . . . , Xn „ pdata learn to sample from pdata.

The major difference form diffusion models is that there is no noise in the latent variable.

Instead it learns a deterministic map ϕ : Rd ÞÑ Rd such that if Z „ N p0, Iq then

Equivalently it learns a map ϕ such that

ϕ#N p0, Iq “ pdata.

Although this is essentially a normalising flow, flow matching is much more flexible as we will see.
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A quick intro to Normalising flows
Normalising flows attempt learn a map ϕ such that

ϕ#N p0, Iq “ pdata.

The map will belong to a parametric family ϕθ, that could be a class of neural networks or
compositions thereof.
Normalising flows are typically trained by maximum likelihood:

arg max
θ

n
ÿ

i“1
log pθpXiq, Xi „ pdata

where pθ is the density of ϕ#
θ N p0, Iq.

Here is the catch: we need to evaluate pθ, but it is typically intractable.
Our only hope is to use the change of variables formula:

pθpxq “ ρpϕ´1
θ pxqq ˇ

ˇdet ∇ϕ´1
θ pxqˇ

ˇ , (16)
where ρ is the density of N p0, Iq.
But this only holds if ϕθ is invertible and differentiable with tractable Jacobian determinant.
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Continuous Normalising flows
We are more interested in continuous normalising flows R. T. Chen et al. 2018.
Instead of sending N p0, 1q directly to pdata we construct a:
path of distributions pρt : t P r0, 1sq such that ρ0 “ N p0, Iq and ρ1 “ pdata.
This is done through time-dependent vector field u : r0, 1s ˆ Rd ÞÑ Rd.
The vector field defines a flow through the ODE

dXt

dt
“ upt, Xtq, X0 „ ρ0. (17)

Let ϕtpxq “ ϕu
t pxq be the solution at time t of the ODE with initial condition X0 “ x.

R. T. Chen et al. 2018 suggested modelling ϕ with a neural network ϕθ and training it by
maximum likelihood.
Maximum likelihood can be used to train CNFs based on the instantaneous change of variables
formula:

rϕts#ρ0pxq “ ρtpxq “ ρ0pϕ´1
t pxqq det

„Bϕ´1
t

Bx
pxq

ȷ

. (18)
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Flow matching

Flow matching Lipman et al. 2023 takes a different approach.
It directly defines a path of distributions pρt : t P r0, 1sq, with ρ0 “ N p0, Iq (say) and ρ1 “ pdata,
as follows:

Let X0 „ ρ0 and X1 „ pdata and define

ρt “ LawpXtq, where Xt :“ p1 ´ tqX0 ` tX1, t P r0, 1s. (19)

Problem: this is non-causal, we need to know the end point to simulate.

Question: can we learn a vector field uθpt, xq such that ϕuθ
t #ρ0 “ ρt?

The answer is yes, and the key is the continuity equation.
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Flow matching (ctd.)

Suppose that there exists a vector field upt, xq such that ϕu
t #ρ0 “ ρt.

Then ρt satisfies the continuity equation

Btρtpxq ` ∇ ¨ pρtpxqupt, xqq “ 0. (20)

Let us approximate u with a neural network uθpt, xq by solving

arg min
θ

ż 1

0
EXt„ρt

“}upt, Xtq ´ uθpt, Xtq}2‰

dt. (FM)
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Flow matching (ctd.)
Then

ż 1

0
EXt„ρt

“}upt, Xtq ´ uθpt, Xtq}2‰

dt

˝“
ż 1

0
EXt„ρt

“}upt, Xtq ´ uθpt, Xtq}2‰

dt

since upt, Xtq “ dXt{dt

˝“
ż 1

0
EXt„ρt

›

›

›

›

dXt

dt
´ uθpt, Xtq

›

›

›

›

2
dt

since Xt “ p1 ´ tqX0 ` tX1 = X0 ` tpX1 ´ X0q

˝“
ż 1

0
EXt„ρt

}X1 ´ X0 ´ uθpt, Xtq}2 dt

George Deligiannidis Denoising Diffusion Models October 23, 2025 62/90



Flow matching (ctd.)

In particular, an exact solution is given by

upt, xq “ ErX1 ´ X0|Xt “ xs.
Remark: this is the conditional expectation of a random variable,

Theorem (Lipman et al. 2023)
Let X0 „ ρ0 and X1 „ ρ1 be independent random variables. Define Xt “ p1 ´ tqX0 ` tX1 and
ρt “ LawpXtq for t P r0, 1s. Suppose that upt, xq “ ErX1 ´ X0|Xt “ xs is well defined and
continuous. Then ϕu

t #ρ0 “ ρt.
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Flow matching (ctd.)

Besides being elegant, the fact that ErX1 ´ X0|Xt “ xs does what we want has great practical
advantages.

In the scenario of interest, we have access to i.i.d. samples Xi
1 „ pdata, whereas it is by choice easy

to sample Xi
0 „ ρ0.

We simply pair them up randomly and solve

arg min
θ

n
ÿ

i“1

ż 1

0
E

›

›Xi
1 ´ Xi

0 ´ uθpt, Xi
tq›

›

2 dt, (21)

where Xi
t “ p1 ´ tqXi

0 ` tXi
1.
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Flow matching (ctd.) I

Algorithm: given samples Xi „ pdata and Zi „ N p0, Iq we can train a vector field uθpt, xq by
solving

arg min
θ

n
ÿ

i“1

ż 1

0
Eξ„N p0,Iq

›

›

›
Xi ´ Zi ´ uθpt, p1 ´ tqZi ` tXi ` a

tp1 ´ tqξq
›

›

›

2
dt. (22)

where the noise ξ is added to ensure that the distribution of p1 ´ tqZi ` tXi ` a

tp1 ´ tqξ has full
support.

Once we have trained uθ we can sample from pdata by solving the ODE

dXt

dt
“ uθpt, Xtq, X0 „ N p0, Iq.
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Choosing the path
The choice of path we gave in the earlier slide is only one of many possible.
We can construct such paths as mixtures of simpler paths, that may even be defined per sample.
One idea presented in Lipman et al. 2023 and Albergo and Vanden-Eijnden 2023 is to condition
the path on a latent variable Z.
This could actually be the data point itself, ie Z “ X1 „ pdata.
One then builds a conditional path ρt|z so that

ρt “
ż

ρt|zpdatapzqdz.

Benefit: ρt|z can be much simpler to design, tractable and easy to sample from.
In order for ρt to interpolate between ρ0 and ρ1 :“ pdata we need ρt|z to satisfy boundary
conditions, e.g.

ρ0px|zq “ ρ0, ρ1px|zq “ N px; z, σ2
minIq « δz.

ρ0 can be any simple distribution, e.g. N p0, Iq.
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Continuity/transport equation

We will need the following well-known result from the theory of continuity/transport equations.

Theorem
Suppose that

dXt

dt
“ upt, Xtq, X0 „ ρ0 (23)

Then, if ρt “ LawpXtq, it satisfies the continuity equation

dρt

dt
` ∇ ¨ pρtupt, ¨qq “ 0. (24)
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Continuity/transport equation (ctd.)

Proof.
The proof is fairly straightforward and quite useful to understand. Let φ P C8

c pRdq be a smooth
compactly supported test function.
Then

d
dt

ż

φpxqρtpxqdx “ d
dt

ErφpXtqs “ d
dt

ż

ρtpxqφpxqdx

“ d
dt

ż

φpXtpxqqρ0pxqdx “
ż

∇φpXtpxqqdXtpxq
dt

ρ0pxqdx

“
ż

∇φpXtpxqqJupt, Xtqρ0pxqdx “
ż

∇φpxqJupt, xqρtpxqdx

and using integration by parts

“ ´
ż

φpxqJ∇ ¨
”

upt, xqρtpxq
ı

dx.

Remark
The proof also hilights that we should interpret the continuity equation in the weak sense.
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Flow matching with conditional paths continued

Suppose that we have constructed a conditional path ρt|z satisfying the boundary conditions.

Suppose also that the conditional probability path satisfies the continuity equation

dρt|z

dt
` ∇ ¨ pρt|zupt, ¨|zqq “ 0. (25)

Lipman et al. 2023 noticed that we can use the conditional vector field upt, x|zq to express the
marginal vector field upt, xq that drives the continuity equation of the marginal path ρt:

upt, xq “ EZ„pdata rupt, x|Zq|Xt “ xs “
ż

upt, x|zqρt|zpxqpdatapzq
ρtpxq dz. (26) {eq:marginal_vector_field}{eq:marginal_vector_field}
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Flow matching with conditional paths continued

Proof.
It suffices to check that upt, xq satisfies the continuity equation for ρt:

dρt

dt
` ∇x ¨ pρtpxqupt, xqq

“ d
dt

ż

ρt|zpxqpdatapzqdz ` ∇x ¨
ˆ

ż

ρt|zpxqpdatapzqupt, x|zqdz

˙

“
ż

„dρt|z

dt
` ∇x ¨ pρt|zpxqupt, x|zqq

ȷ

pdatapzqdz “ 0.
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Conditional flow matching objective

The marginal vector field upt, xq involves an intractable expectation.

Therefore the flow matching objective

arg min
θ

ż 1

0
EXt„ρt

“}upt, Xtq ´ uθpt, Xtq}2‰

dt (FM)

is also intractable.

Lipman et al. 2023 showed we can bypass this expectation and instead use the tractable
conditional flow matching objective (CFM):

arg min
θ

ż 1

0
EZ„pdata EXt„ρt|Z

“}upt, Xt|Zq ´ uθpt, Xt|Zq}2‰

dt. (CFM)

Since we typically have chosen upt, x|zq to be tractable, and we have access to samples from ρt|Z ,
we can estimate CFM objective.
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Conditional flow matching objective
FACT: minimising CFM minimises the FM . Using (26) we have

ż 1

0
EXt„ρt

“}upt, Xtq ´ uθpt, Xtq}2‰

dt

˝“
ż 1

0

ż

”

}uθpt, xq}2 ´ 2uθpt, xqJupt, xq
ı

ρtpxqdxdt

˝“
ż 1

0

ż
„

}uθpt, xq}2 ´ 2
ż

upt, x|zqρt|zpxqpdatapzq
ρtpxq dz

ȷ

ρtpxqdxdt

˝“
ż 1

0

ż ż

“}uθpt, xq}2 ´ 2uθpt, xqJupt, x|zq‰

���ρtpxqρt|zpxqpdatapzq
�
��ρtpxq dzdxdt

˝“
ż 1

0

ż ż

ruθpt, xq ´ upt, x|zqs2
ρt|zpxqpdatapzqdzdxdt

“
ż 1

0
E Z„pdata

Xt„ρt|Z

“}upt, Xt|Zq ´ uθpt, Xt|Zq}2‰

dt.
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Theory for DDMs



Theory for DDMs

Figure: Schematic of generative model.

Obvious question: how close is pθ
T to pdata?
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Convergence of DDMs
IF we had access to the true score ∇x log ptpxq and could initialise from qT and solve the reverse
SDE exactly

dXt “ ´rXt ` 2∇ log ptpXtqsdt ` ?
2dBt, XT „ qT ,

then we would have exact sampling from pdata at time t “ 0.
In practice there are three sources of error:
(a) Score estimation error: we only have an approximation sθpt, xq of the score.
(b) Discretisation error: we discretise the SDE.
(c) Initialisation error: we initialise from N p0, Iq instead of qT .
Attempt 1: treat error 1 as a black box, assuming

Bound error assuming

ż T

0
EXt„qt

“}sθpt, Xtq ´ ∇x log qtpXtq}2‰

dt ď ε2
score. (27) {eq:score_error_bound}{eq:score_error_bound}
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Convergence of DDMs (ctd.)

Early results:
– Restrictive assumptions: e.g. log-Sobolev, Lipschitz score Lee, Lu, and Tan 2023;

K. Y. Yang and Wibisono 2022
– non quantitative: e.g. Pidstrigach 2022
– exponential dependence on parameters: e.g. dimension, Bortoli 2022; Block, Mroueh, and

Rakhlin 2022
More recent results:

polynomial bounds: H. Chen, Lee, and Lu 2023; Lee, Lu, and Tan 2023
Linear in dimension: for Lipschitz scores, but Lipschitz constant hides dimensionality
factors.
Quadratic in d for general distributions.
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Convergence of DDMs (ctd.)

First linear in d result for general case appeared in Benton et al. 2024.

Optimal in general.

BUT, what happens if data lives in a lower-dimensional manifold?
– Ambient dimension very high in typical image datasets
– Still too high to explain success of diffusion models
– Possible explanation: concentrates on low-dimensional subset with structure
– This is known as the manifold hypothesis
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Manifold hypothesis

Many modern datasets are conjectured to satisfy a form of the manifold hypothesis

Figure: Estimates of intrinsic dimension of popular image datasets. From Pope et al, arxiv:2104.08894.
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Convergence under manifold hypothesis

Theorem (Potaptchik, Azangulov, and Deligiannidis 2025)
Suppose that pdata is supported on a d‹-dimensional smooth compact manifold M Ă Rd. Then
under smoothness assumptions on pdata

a and the manifold, we have

KpŶT ´δ}Xδq À ε2 ` ε2
score ` d˚plog δ´1 ` log ε´1 ` log dqplog δ´1 ` Cq log δ´1

K
. (28)

adensity wrt Hausdorff measure on M
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And what about the score estimator?

Problem: how to ensure that the score estimator satisfies (27) with small εscore?

This is a tough problem and not solved fully yet. In particular theory cannot account for the role of
the architecture (e.g. UNets, convolutional networks) or training algorithms (e.g. SGD).

Some results do exist however, where the neural network is selected from a carefully constructed
class through ERM

– Oko, Akiyama, and Suzuki 2023— pdata full support; rates minimax
– Tang and Y. Yang 2024— pdata lives in a d‹ manifold, almost minimax rates in d‹ but large

polynomial constants in D;
– Azangulov, Deligiannidis, and Rousseau 2025— pdata lives in a d‹ manifold, almost minimax

rates in d‹, no explicit dependence on D for score estimation,
?

D for sampling.
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Hot topics for research

Discrete space DDMS: use diffusion instead of autoregressive in LLMs Li et al. 2025; Sahoo
et al. 2024 and many more.
Protein structure prediction: Watson et al. 2023 used diffusion models to generate protein
structures. David Baker awarded 2024 Nobel prize.
Accelerating/Distilling Diffusion models: good results with less expensive inference steps:
e.g. Bortoli et al. 2025; Yin et al. 2024; Frans et al. 2024
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Thank you for your attention!
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