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(a) Training samples from IMAGENET (b) Generated samples from a diffusion model.

Figure: Images from Rombach, Robin, et al. "High-resolution image synthesis with latent diffusion models.”
Proceedings of the IEEE/CVF conference on computer vision and pattern recognition. 2022.

AIM: Given access to samples from pgata, learn to sample from prmodel & Pdata-
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Generative Modelling

Numerous applications:

Imagel/video/sound generation (diffu-
sions)

Protein structure discovery?2 (diffusions)
Time series (diffusions)

ChatGPT and other Al chatbots also
generative models (some diffusion)

Many successful models: autoregres-
sive models, normalising flows, Genera-
tive Adversarial Networks Until recently
GANs SOTA

Figure: Training samples from IMAGENET
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Introduction to Denoising Diffusion
Models



Introduction to Denoising Diffusion Models

A new contender: Denoising Diffusion
Models

= Advantages:
= State-of-the-art results

= Very flexible

= More amenable to theoretical analysis
(than e.g. GANs) ) o
Figure: Generated samples from a diffusion model

trained on CelebrA-HQ (faces).?

?Images from Rombach, Robin, et al.
Proceedings of the IEEE/CVF conference on
Denoising Diffusich@I3¥R4Iter vision and pattern recognition. 2022.



The main idea

= Corrupt data by progressively adding noise, until indistinguishable from noise
= Learn reverse denoising process

= Apply the reverse denoising process to noise to produce fresh samples

Forward (Noising process)

e

Data Noise

Parametric Backwards Denoising process
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Ingredients 1: score matching

= We are given samples X, ..., X,, ~ Pdata; how to produce more?
= |f we knew the V2 10g pyata(z): use Langevin MCMC to sample.
= Let’s learn the score function from data — (SM) (Hyvérinen 2005).
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Ingredients 1: score matching

= We are given samples X1, ..., X,, ~ Pdata; how to produce more?
= |f we knew the V2 10g Pdata(z): use Langevin MCMC to sample.
= Let’s learn the score function from data — (SM) (Hyvérinen 2005).

. IR
argmlneeeﬁ 2 Iso(Xi) — Vlogpdata(Xi)H2~
i=1

Denoising Diffusion Models



Ingredients 1: score matching

= We are given samples X1,...,X,, ~ Pgata; how to produce more?
= |f we knew the V2 10g Pyata(z): use Langevin MCMC to sample.
= Let’s learn the score function from data — (SM) (Hyvérinen 2005).

. 1
argmingee Z Iso(X;) — V 10g paata(Xi) ||
—_— —

i=1
intractable
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Ingredients 1: score matching

= We are given samples X1,...,X,, ~ Pdata; how to produce more?
= |f we knew the V2 10g pdata(z): use Langevin MCMC to sample.
= Let’s learn the score function from data — (SM) (Hyvérinen 2005).

: IR
argmingee Z Ise(X:) — V 10g paata(X;) |-
—_—

i=1 .
intractable

Fortunately, Hyvarinen 2005 shows that the above is equivalent to

, S 1
argming.g Z (Trace(sze(Xi)) + 5\\80(X¢)H2>~
i=1
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ESM vs ISM

EESM(F) = sze(aﬁ) — V108 pdata (%) |* Pdata (d)

= JHs(g(x)Hzpdata(dx) - JZse(x)TMpdata(x)dx + constant in 6
Pdata (.I)

= [0 Ppasa(de) = 2 [ 50(0)" Viama(a)

integration by parts, assuming lim | Pdata(®)se(x) = 0

= [ 00) Ppasate) = 2 (] Trana@)] ", +2 [ [paoa(0)9 - ()
=0

° f [150(2)|> + 2Trace(ss(x))] posea (da).
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Ingredients 2: (de)Noising

» Learning V 10g pyata is hard if pyata is supported on a low-dimensional manifold (e.g. images)
= Estimation hard away from modes.

= Even if we could learn it, sampling is slow (Langevin MCMC), as pqata typically multimodal or
complex geometry.

] regularise by adding noise!
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Ingredients 2: (de)Noising

= Add Gaussian noise to pdata: Po = Pdata * N (0,021

po has full support, smoother, easier to learn
] Vincent 2011: learn Vlogp, using score matching.

= Data? Easy!
Yi=X,+0Z;, ZZNN(O,I), t=1,...,n.

. 1o
ESM,(6) = argmln(,e@ﬁ 2 Iso(Yi) — Vlogps(Yi) H2~
i=1 intractable

= Yet again intractable.
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Ingredients 2: (de)Noising

Here comes the magic:

EESM, (0) = ste(y) — Vlog po (y)]*pe (dy)

° fuse@) ps (dy) — 2 j 50(y) Vo (y)dy

Write g, (y|z) := N (z,02%I), the density of Y|X = x. Then
vPa(y) = Vy fpdata ($>QU(y|x)dx
= fpdata(x)vaU(y|x)dx

= deata qu y|) )QU(y‘x)d‘r

fpdata )Vylog 4o (y|2)qo (y|x)dz
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Thus
EESM,(0) = f Is6(4)]°po (dy) — QJSe(y)TVpa(y)dy
S R T A e R
= [[ 1s0(0) = 9, 108 s 412 (v12)dy pasa ()
The above is fully tractable and suggests using the following objective:
ot 3 (V) ¥, g VX0

where X; ~ pdata, Yi|Xi ~ N(X;,021).
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Denoising score matching

So does it work?
much more stable than ISM.

choice of o critical
= o too small: p, &~ pgata, problems of ISM remain.

= o too large: denoising too hard, Vlogp, very different from V log pyata-
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Beginnings of Diffusion Models

Y. Song and Ermon 2019 suggest using levels 01 <09 <--- <0k, and
learning sg(z,0) using a

This creates a sequence of auxiliary targets:

. bad score o1 02 oK : good
estimation, hard to Pdata: Pdatar - - Pdata- score estimation,
sample close to easy to sample, far
DPdata- from Pdata-

Use a noise-dependent neural network to learn
so(x,0) ~ (0,2) — V1og pg. ().
Finally use annealed Langevin dynamics to guide samples through
OK—1

oK o1
Pdata 7> Pdata > ° " 7 Pdata ~ Pdata-
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Denoising diffusion models: Discrete time

Ho, Jain, and Abbeel 2020 propose the following discrete time approach:

= Forward noising process:

= /1= BeXic1 +BrZes Zi ~N(©O,I), k=1,..., K.

= Equivalently, this is a discrete time Markov process Xy, ..., Xk with
Xo ~paatas  @(X;1Xjo1) = N(yVa; X1, 8;1),  aj:=1-6;.
= Notice that X | Xo ~ ./\/'(«/ézk Xo, (1 —ag) I), where ay, := Hle o; and qg = 1.

q(x; | xp) q(xy | %) qx31x) ot g | xg_1)

. . o
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Denoising diffusion models: Discrete time

q0x; | %) q(x | x;) q(x3 | xy) e qOcg | xg_)
Noise
Pdata q3 e gk
Pl %) Paxi %) PXEAES! PrCoc1 150

If ag ~ 0, then X %N(O,I)
Generative model: Sample
YK“’N(Oﬂ‘[)’ Yk71|Yk Npk(Yk71|Yk)7 k:KaK_]-77]-

Then YO X PDdata-
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DDM in discrete time: Denoising I

Problem: We don't know the P (Xk—11Xg), k=1

Simply using Bayes' rule we have that

k-1 (Tr—1)qk (Tr|TR—1)
ak (k)

Pr(Tr—1]2K) = , qr = Law(X}).

q is intractable.

Solution: Taylor expand

PI

log qr—1(2k—1) ~ log g (zr—1) ~ qr(zk) — (zK — TK—1) ' V1og g (zs) + - ..

Ignoring the higher order terms and plugging in we get

pk($k71|xk) X

1
\/27Tﬂkd P (
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DDM in discrete time: Denoising II

Completing the square we get

1
27 By,

oC

_ j

o
27 By,

_ j

oC

NoTirs

and thus

exp

exp

exp

252 {akak 1H — ka 1 (ka + Bleoqu(xk)) }]

252 {ka 1? =224, (F + Fng Qk(l‘k)) }]

xk + BV log qi. (1) H ]
ol

2
Xio1|Xp =2 2 N <\/7 () + BpViog qr(xr)), B I) .

Ak

we don't know V log gy..
Recall: ¢ is the law of the noisy sample Xj.
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DDM in discrete time: Denoising I

Alternative derivation: We can explicitly write down g(zp_1|z, o) as

a(zr—1|zo, 21) = N (215 fir (0, 7k ), Bi ), where

ar(l = a_ Jari - (1—ap
fue (o, 1) = o Ok 1)$k+ O _15}6960, Br = A= 1B ak_l)ﬁk-
l—ozk l—ak l—ak

Thus
q(xp—1|zy) = JQ(ﬂﬁk—ﬂzo,xk)p($0|17k)d$0
— [ Aansi (oo, o0), Bul)plaolon)doo
and approximating p(xg|x) by a delta mass at its mean E[zg|x] we get

5 N (xk_l;ﬂk(xk, [E[:L'0|(Ek]), Bk-[) .
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DDM in discrete time: Denoising II

This approximation is reasonable if k is not too large and the discretisation step is quite fine.
Continuing

Tp1|re ~ N (\/@(1 — @kil)l'k + V1B Elzo|zk], (1_0"“—1)6’CI> .

1—ay 1—ay 1—ay

This simplifies to

Tp_1|T N (M(l — akil)xk + Q10 E[zo]

— — Lo|Tk
1—a 1—ag J

(1 — ap—1)Bk I> .

1—ay

the unknown expression now is a conditional expectation E[Xo| X} = xx].
learn it using Denoising Score Matching!
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DDM in discrete time: Tweedie’s formula 1

We've found two distinct approximations for q(z;_1|zk):

1 2
pr(Th-1lzr) ~ N ( (z1 + BV log g (x1)) , fakcl) ,

NGTS
~N (M(l “O) o VOB g B e ak_1)5k1> :
1—ap 1—ay 1—ag
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DDM in discrete time: Tweedie’s formula

How are they related?
The answer is given by (Efron 2011):

Theorem
Let Xo ~p and Y|Xg = x ~ N(z,0%I). Then

[E[X0|Y:y] :y"_UQVInga(y)a Do =p*,/\/(0,(72[).

Proof.

The proof is simple and goes as follows:

ly—=|?
Voo (y) Jy—x 1 p(z)e” 202 1
Viogps(y) = = dz = — E[Y — Xo|Y =y,
0g ps () 2o () o2 (21022 p,(y) =2 [ ol y]

where Xy ~ paata; Y| Xo = 2 ~ N(x,02I). Rearranging gives the result. O
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Tweedie’s formula in our case 1

By a simple modification of the proof of Tweedie's formula we get that
Dap = Law(aXo +bZ), Xo ~ Pdatas Z ~ N (0, 1),
Viogpasly) = 5 EIV — aXolY = ]
E[XolY =y] = % (y — bV logpap(y)) -

Therefore in our case, since Xy |Xo ~ N (v/arXo, (1 —ag)I), we have
E[Xo| Xk = 2] = f (zr + (1 — ay)Vlog g (x)) -

Plugging in to the formula for i we get

V(1 — dkfl)x Vag_1B%

E[Xo| Xk =
fir (r, E[Xo| Xi = zx]) = 1—ap 1—ay

E[Xo| Xk = x]
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Tweedie’s formula in our case 11

:\/ak(l_o_ék'—l)w Vo161 (z
1—ag L 1—ar oy Tk

[\/@(1 — Qp—1)Tk + \/ﬁ%xk] + %Vloqu(xk).

Using 8 = 1 — aj and ai = ai_1ay we can combine the xj terms to

+ (1 — ay)Vlog g (1))

1
C1—ay

_ B ak<1—54k,1> 1— oy o — apog_1 +1— oy 1—ay
Vop(l—ap—1) + = + = = .
kel k1) VK LT LT LT LT
Thus overall we have
1—-a
fir(r, E[Xo| Xy, = 2]) = \/@kmk + \/BO%ngQk(xk)
1
- \/77 (xg + BV 1ogqr(xk)) |
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Parameterisation and learning

Recall that we have shown that

Xi 1| Xe = x ~ pi(c|lze) » N (\/0715

57
(¢ + BV log qi (1)) o I].

we don't know V log ¢;.
Let's replace Vlog g;(z+) by a neural network approximation s : [0,7] x R? — R< and
define

0 N 87
P (ze—1|ze) = N | so(t, x1), a—tl .

Here we think of ¢ as a continuous time variable, and sy as a time-dependent neural network.

How do we sp?
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Parameterisation and learning (ctd.)

Let's do regression!

If we could solve
T

ar%rgin Ex,~q, Z IV 1og q: (X)) — so(t, X)|? |, (ESM)  {e
€ t=1

we would be done!

(1) We don't know V log g;.
(2) The expectation is over the unknown distribution of the forward noising process g.

Second problem easy! Sample from ¢; by sampling Xy ~ pgata and then running the forward
noising process.
The first problem is more serious.
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Parameterisation and learning (ctd.)

Recall the equivalent

T
argmin ), “ [V 1og g0 (@t|z0) — s6(t, 24) 2] pasta(dzo)arjo (e]o) (DSM)  {e
€ =1

where as we saw earlier it is easy to show that gy (z¢|z0) = N (z¢; /o, (1 — ag)I).

In practice: empirical DSM objective of the form

T N
ar%%in Z Z [HVIoquO X( ‘on ) — se(t,Xt(l))HQ], (emp-DSM)  {e
5 im1

i.4.d. % % i
X3> < paaa, X1V 1X57 ~ ago(1%5")- (1)
In fact the sum over t can be replaced by an expectation over the uniform distribution on [0, T7].

It is very important for the efficiency of training that we can sample (Xo, X;) easily,
without having to use sy or sample intermediate steps of the forward process.
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DDM in discrete time: ELBO objective

Ho, Jain, and Abbeel 2020 start deriving their objective by viewing the sampling distribution
p’ € P(RY) of a DDM as a

P (z0) = Jpe(fﬂm ..op)deyy,

where z1,..., 7 € R? are the intermediate steps of the forward process.

for the reverse denoising kernels:

pt0|t+1(xt|xt+1) = N(l‘t, M@(t + 17 xt+1)a 0-752+11])7 t= 07 e aT -1
P (@or) = pr(er)pp_yr(er—iler) ... pg (zolan),

where pr(zr) = N(z7;0,1).
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DDM in discrete time: ELBO objective (ctd.)

train by maximising average log-likelihood of data
[Epdata I:logpe (1’0)] = [EzO"‘pdata [logfpe (l’o:T)d.Tl:T:|

0
p (JjO:T)
=E; ~ 1 —_— . . dzy.
0~Pdata [ngQ1;T|o($1;T|CE0)Q1'TO(JSLT'%) T1.T
P9($0:T) ]

= Egppng |log ————————
vor q[ Q1:T|0($1:T|$o)

where recall .
notice that in contrast to typical variational inference, ¢ is fixed and known, and we are
only optimising over pe.
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DDM in discrete time: ELBO objective (ctd.)

ELBO can be re-arranged into terms involving only consecutive pairs of variables

P’ (or) ]

E log p? (x > Epn [10 _
pdata[ gp ( 0)] To:17~q gCILT\O(fCl:T‘xO)

T 0 0
pt—1|t(zt—1|xt) p0|1(1170|$1)
=Ezyr~q |10 xT) + lo +lo )
zor ql gpr(Tr) ;:2 gqﬂt_l(wt‘xtil) gquo(ml\mo)

Recall that

(Jt\tfl(fll‘wl,fl) = Qt\t—170($t|$t—1,$0) (by Markov property)
. Qt,t71|0($tamt—1|$0)
B (It—1|0($t—1|$o)
Qe—1)t,0(Te—1]2¢, T0) )0 (w¢|T0)

Qt71|0($t—1|$0)
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DDM in discrete time: ELBO objective (ctd.)

Plugging in the expression for g;;_; we get

Epy.. [10g 2% (20)]

6 0
pt—1|t(xt*1|xt) G—1jo(Te—1|20) po|1(x0‘$1)

> Epyrn long xr) + log + log
zo:T7~q tZz qt_1|t,0(95t—1|96t,$0) Qt|o($t|$0) (J1|o($1|$0)

g T
e (Te—1l2e) Poji (wolar1) qi—1j0(z1—1|T0)
zor~q |lOgPT(TT) + Z log ! + log | Z \—

i = Ge0(Te—1]me, 20) Q1|o($1\$o) qrjo(z¢|z0)
i T 0
pt,”t(xt—ﬂxt) p0|1(1‘0|3}1)
=Ezyr~g [logpr(zr) + > lo +lo
wor~a | logpr(rr) 75:22 th—1|t,o($t71|$t,$0) gQ1|0( 1|z0)

+ log qjo(21]w0) — log grjo(zr]zo)]
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DDM in discrete time: ELBO objective (ctd.)

Telescoping the final sum

T 0
Py_1p(e-1lzt)
= Eappqg [log _pr(er) Z lo ot Al

arjo(zr|To) = Gr—1t,0(Te—1|2¢, T0

) + logpgl(x0|x1)}

— Evrma [ — KL (ariolclzo)| pr()) - STk (@110l 20)| Py (1))
t=2

Lt Ly 1

- 10gp&1(330|l’1)]-
| S

Lo

(1) qe—1je0(wi—1]me, 20) = N (2413 fie (¢, 20), Bt1), where

Vi T— Bl — ae s (-G
O L B R
l_at 1—O{t 1_0%
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DDM in discrete time: ELBO objective (ctd.)

(2) The backwards kernels are parameterised as

pgfl‘t(xt,ﬂxt) = N(xi_1; po(t, z4), atzﬂ), t=1,...,T.

(3)or u; € R%, and %; d-dimensional covariance matrices,

KL (N (p1, 21) |V (12, 2))
1 [1 det(Eg)

2

Therefore we can now compute

L =KL <Qt71\t,0('|$t,$0)H pf71|t('|$t))~

Denoising Diffusion Models
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DDM in discrete time: ELBO objective (ctd.)

Using (4) with 1y = fig(z4,20), 1 = By, p2 = po(t, ), 52 = 071 we get

1 o2 dp 1 9
Liq==|dlog—=++ == + = t — i —d
1 = 5 |10 %+ 555+ ot ) = o)

1 - 2
= 207 Eq [lpo(t, z0) — fie(ze, zo)|” -

The term then fits a neural network taking as input ¢, z; to predict fi;(xz, zo).

When xg, x; ~ go: We can also reparameterise x; as
l't:\/O_th?o-F\/l—O_ét, gNN(O,]]),

and therefore

it (x4, o) = ! <$t — %f) .
— 0y
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DDM in discrete time: ELBO objective (ctd.)

At this point, since we want uf to take x; as input, we may reparameterise it as

Ot ) = \/% <xt _ fj &tga(t,xt)> . (5)
With this parameterisation L;_; becomes
1 1 Bt 0 1 Bt ?
Ly, = %7 Eo~paes, e~ N H\/OTt <1’t - \/1*75%5 (t,:rt)> - Jor (zt - mf) + const.

2
= ﬁitQ Evo~poaa e~ ng (t, Varzo + m&) — 5”2 + const..

2C¥t(1 — 6(15)0}

Finally we have the Ly which is simply given by

Lo = E,[log p{ (xo]1)] = Eg[~ 5 |0 — pg(1,21) ] + const..

L
20%
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DDM in discrete time: ELBO objective (ctd.)

Notice that since x1 = /1 — Bixg + (1€, we we can write | g = \/11—7&1(33 — B1€)
Reparameterise jig(1,21) as | g (1, 1) = ﬂl_iﬁl(xl — 518 (1,21)) |
Thus
Lo = 5, Eau ‘\/7 21(20,8) = Br€] = S 1 @0.€) = A€ (L 20.)| 2
Bt

= m Eso,e ‘f - ‘59( 1- 31330 + 515) H
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DDM in discrete time: ELBO objective (ctd.)
Putting everything together we obtain the objective

T—1
Bt

Leo() = ).

t=0

2 [EIO"’pdataug'\’N ng (t’ @xo + \% 1 - &té-) - 5H27 (6)

200 (1 — &y )0

where ag = 1 and &; = @; for t > 1. Ho, Jain, and Abbeel 2020 suggest choosing either o2 := f3;
or Jt2 = ﬂt(l — dt_l)/(l - dt)

Remark

Ho, Jain, and Abbeel 2020 report that they had good results with a simplified object given by

Simple DDPM objective

ek O = B
t~U(0:T)

€ (t, Vaimo + VI—arE) — €] (1) {ba:s:

where one replaces the sum over t with sampling a random time uniformly from [0 : T'].
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DDM in discrete time: the generative model

Given a trained model 6*, we can sample from p? by
(1) Sample X7 ~ N(0,1)
(2) Fort=T,T—1,...,1 sample

1
thl = \/77 (Xt - %fg*(t,)ﬁ)) + UtZt, Zt ~ N(O,I)
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Noising schedules

= The choice of the noising schedule (3;)L_; is very important.

= Ho, Jain, and Abbeel 2020 suggest a linear schedule 3; = Buin + %(Bmax — Bmin) With
Bmin = 0.0001 and Brax = 0.02.

= There are other choices, like quadratic or cosine schedules A. Q. Nichol and Dhariwal 2021.

= These attempt to allocate more time points towards the early stages of noising, where the
data distribution is more complex.

= This has the effect of making the learning of the target more gradual.

= Also most schedules tend to stop just before S = 0 where the score blows up.
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Continuous time diffusion



Continuous time DDMs

Soon after Ho, Jain, and Abbeel 2020, another formulation appeared in Y. Song, Sohl-Dickstein,

et al. 2021.
This is based on stochastic differential equations and is very elegant.
Again suppose that we have samples X; ~ pgata-

given by the Ornstein-Uhlenbeck SDE

dY; = =Yyt + V2dWs, Yo ~ Paata
where W, is a Brownian motion.

Write
— Gy)s(w¢|ws) for the transition of the forward process

— p; for the distribution of Y;.

The here is a continuous time path (Y; : t > 0) instead of a vector (X7, ...

Denoising Diffusion Models
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Continuous time DDMs (ctd.)

This is an auto-regressive process, the continuous time equivalent of an AR(1) process and has
several nice properties.

(@) Yiin|Y: ~ N(e Yy, (1 — e 2M)I), for t,h = 0.
(b) It is a Markov process, with N'(0, ) as its unique stationary distribution.
(

c) It forgets its initialisation at an

Yr ~ N(0,1), T>» 1.
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Continuous time DDMs—Time Reversal

The real magic happens when we try to the process.

Theorem (Anderson )
Let Y; be the solution to the SDE (8) with Yy ~ Ddata-

Then for any T > 0, the time reversal Z, .= Yr_, t € [0, T is the solution to the SDE

dZ; = —[Z; + 2V logpr_+(Z;)|dt + V2dB;,  Zr ~ N(0,1). (9)

Remark

Notice that in this formulation the score appears naturally.

Denoising Diffusion Models



Conditional diffusion models and guid-
ance



Conditional score matching

learn to sample from Law(X|Y = y) for some y,

samples (X;,Y;) ~ pdata from the joint.

If: samples X1, ..., X,, from conditional Law(X|Y = y) previous techniques would work.

Let's see what we can do with samples from the joint.

Maximizing the standard ESM objective on the joint:

ar% H@lin E[| V2 log paata(X, Y) — so(X, Y)[?] .
€
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Conditional score matching

Notice that
f 1. 108 Pasta (@) — 502 )| 2patta )y
2 [ 5ot )12 = 29, 108 pena: ) 5022 )] sl )y
= H Ise (2, y)|*Pdata(z, y)dady — 2 H Vapdata(2,y) " so(2, y)dzdy
= [ 150 0) PpesaCa, w)dody -+ 2 [ [ 5062, 0)7 Vs ()i el oy
2 [ 150t Ppasate,p)tady +2 [ [ so(0.) posa ) Vo s sl ety
2 [ [[sote:) — 7. 10g sl sl dpsma(w)cy.

If the ESM objective would allows us to learn the

But we don't have access to the score V. 1og pyata(, y).
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Conditional score matching (ctd.)

Suppose then that we instead look at

Paea(,y) = Daa(y) fpdm,(x ~ 2ly) * do(2)dz,

where x denotes convolution and ¢, (z) = N (z;0,0%1).

Then the same calculation as for unconditional denoising score matching
2
[ 5ot = V10w ol Dl 2 [ [s0lc.9) — V. 108 1 210) s () el

Therefore supposing we have samples (X;,Y;) ~ pdata We can solve

argmin Y [s9(X;, V) — Valogqo (Zi|X0)|%  Zi = Xi+ &, & " N(0,0°1)
o i3
is already present in the original J. Song, Meng, and Ermon 2020
and Ho, Jain, and Abbeel 2020 without much detail.

Better explained in Batzolis et al. 2021.
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Conditional DDMs

We can now learn the conditional score.

Given samples (X;,Y;) ~ pdata We can train a conditional score network sg(x,y,t) by minimising

for example the simplified objective

N K 5
arg min := Z Z H (try /@, X + /1 — @, &, Y;) 5” (11)
0 im1k=1
ty ~ Unif(0:T), &~ N(0,1). (12)
Given the trained model 6*, we can sample from Law(X|Y = y) by

(1) Sample X7 ~ N(0,1)
(2) Fort=T,T —1,...,1 sample

1
Xi1=— (Xt be ————Ep (t, Xy, y)> + 012, Zy ~N(0,1).

Ve T Visa
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Conditional DDMs (ctd.)

For example Y could be a class label (e.g. horse, automobile), a low-resolution image, or a text
embedding.

(b) Class-conditional image generation with DDMs
(a) Class-conditional image generation with DDMs conditioned on label horse. From Ho, Jain, and Abbeel
conditioned on label car. From Ho, Jain, and Abbeel 2020. 2020.
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Guidance

In generative models it is often useful to be able to do lower temperature sampling.
ie in the generative process:

the aim is to reduce diversity but improve sample quality.

In DDMs this can be done by

There are two main types of guidance:
- Dhariwal and A. Nichol 2021
- Ho and Salimans 2021a

This is especially useful in conditional DDMs, where often classes overlap significantly.
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Guidance

To understand the effect of guidance look at the following image from Ho and Salimans 2021b.

Figure: Effect of guidance on sample quality and diversity. From Ho and Salimans 2021b.

The leftmost image is a sample from the unconditional, "true” model.
The remaining images are samples from mixtures of conditional models with increasing guidance.

Note: guidance samples from a different model.
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Classifier guidance I

was introduced in Dhariwal and A. Nichol 2021.

— A conditional DDM with score sq(¢,z,y) trained on samples (X;,Y;) ~ Ddata-
— A classifier p{ (y|x;) trained to predict Y from Xt~ qyo(-1X).

use V, logpf(y\x) to "guide” the diffusion towards samples that favour the class label y.
modify the reverse SDE as

dX; = —[X, + 2V log s? (X1, y) + 29V 1og pf (y| X¢)]dt + v/2dB. (13)

In discrete time this becomes, with the noise parameterisation,

1
Xi1 = \/77 <Xt - \/ILO%&)(EX:&,ZJ)) + 012 + ’YUtzvm logpf(let). (14)
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Classifier guidance (ctd.)

Since:
= s%(t,z,y) is an approximation of V_, log p;(z|y);
= p?(y|z) is an approximation of p;(y|z;);
= pe(ylw) = pe(ly)/pe();
the SDE is really trying to approximate
dX; = —[ X + 2V, log pe(Xely) + 29V log pf (4 Xo)]dt + V2 B,
= — [X; + 2V, log (pe(X:[y)p: (y] X1)7)] dt + v2d B,

it is wrong to interpret this as sampling from p;(x|y)p:(y|z)”, Chidambaram et al. 2024;
Bradley and Nakkiran 2024.

controls the amount of guidance. Increasing ~ reduces diversity but improves sample
quality. Can be interpreted as corresponding to a classifier p(y|z)7.
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Classifier guidance (ctd.)

Figure: Effect of guidance strength v on sample quality and diversity. Class label is "Pembroke Welsh Corgi".
Left v = 1.0, right v = 10.0. From Dhariwal and A. Nichol 2021.
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Classifier-free guidance

was introduced in Ho and Salimans (2021b).

— A conditional DDM p?(z|y) trained on samples (X;,Y;) ~ pdata-

learn an unconditional model p?(z) by randomly dropping the condition Y during training.

That is we learn a single model s (x,y,t), where ¥ is either the class label or a special token (¥
indicating no class.

This way we learn the conditional and unconditional score.

modify the reverse SDE as

dX; = —[X; +2(1 +7)Viog s/ (Xz,y) — 29V log s/ (X;)]dt + v2d B;. (15)
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Flow matching

was introduced in Lipman et al. 2023.
The basic objective remains the same:
given samples X1, ..., X,, ~ Pgata learn to sample from pyata.
The major difference form diffusion models is that in the latent variable.
Instead it learns a deterministic map ¢ : R? — R? such that if Z ~ A/(0,I) then

Equivalently it learns a map ¢ such that

¢#N(07 I) = DPdata-

Although this is essentially a , flow matching is much more flexible as we will see.
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A quick intro to Normalising flows

Normalising flows attempt learn a map ¢ such that

¢#N(0> I) = Pdata-
The map will belong to a parametric family ¢y, that could be a class of neural networks or
compositions thereof.
Normalising flows are typically trained by maximum likelihood:

n

arg max Zl logp”(Xi),  Xi ~ pdata
where p? is the density of ¢ (0, 1).
we need to evaluate p?, but it is typically intractable.

Our only hope is to use the :
() = p(¢y ' (2)) |det Vo' (2)],

where p is the density of (0, 7).
But this only holds if ¢y is and with
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Continuous Normalising flows

We are more interested in R. T. Chen et al. 2018.
Instead of sending N(0,1) directly to pgata We construct a:
of distributions (p; : t € [0,1]) such that pg = N(0,1) and p; = pyata-

This is done through w:[0,1] x R? > R,
The vector field defines a through the ODE
dX
ditt = u(t, Xt), Xo ~ po- (17)

Let ¢:(z) = ¢} (x) be the solution at time ¢ of the ODE with initial condition Xy = .

R. T. Chen et al. 2018 suggested modelling ¢ with a neural network ¢y and training it by
maximum likelihood.

Maximum likelihood can be used to train CNFs based on the

(6 ) = (o) = palo (@) et | TG o). (18)
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Flow matching

Lipman et al. 2023 takes a different approach.
It defines a path of distributions (p; : t € [0,1]), with pg = A(0,1) (say) and p1 = Pdata,
as follows:

Let Xg ~ po and X7 ~ pgata and define
pr = Law(Xy), where X; := (1 — )Xo + tX1, te[0,1]. (19)

this is non-causal, we need to know the end point to simulate.
can we learn a vector field ug(t, z) such that ¢{'°#pg = p;?

The answer is yes, and the key is the
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Flow matching (ctd.)

Suppose that there exists a vector field u(t,x) such that ¢y#pg = ps.

Then p; satisfies the

Oepi(z) + V- (pe(x)u(t, z)) = 0.

Let us approximate u with a neural network wug(t, z) by solving

1

argénin J Ex,~p, [Hu(t,Xt) — ue(t,Xt)||2] dt.

0
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Flow matching (ctd.)

Then

since u(t, X;) = dX;/dt

1
j Ex, <y [Ju(t, X0) — ug(t, X,)?] dt
0

1
- f Ex,~p, [Jult, X2) — ug(t, X0)|?] dt
0

2
dt

Xy

d
e ug(t, Xy)

since X; = (1 — t)Xo +tX1 = Xo + t(Xl - Xo)

1
° f Ex,p | X1 — Xo — ug(t, X;)[ dt
0
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Flow matching (ctd.)

In particular, an exact solution is given by
u(t,x) = [E[X1 — XOlXt = .’13]

Remark: this is the conditional expectation of a random variable,

Theorem (Lipman et al.

Let Xy ~ po and X; ~ p; be independent random variables. Define X; = (1 —t) X + tX; and
pt = Law(Xy) for t € [0, 1]. Suppose that u(t,x) = E[X; — Xo|X: = z] is well defined and
continuous. Then ¢} #po = pt.
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Flow matching (ctd.)

Besides being elegant, the fact that E[X; — X|X; = x] does what we want has great practical
advantages.

In the scenario of interest, we have access to i.i.d. samples X} ~ pyaa, Whereas it is by choice easy
to sample X§ ~ po.

We simply pair them up randomly and solve
n sl _ _ o
arg min ZJ E|X] — X§ —ug(t, X))|" dt, (21)
i=1v0

where X} = (1 — )X} + tX1.
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Flow matching (ctd.) I

given samples X; ~ pgata and Z; ~ N(0,T) we can train a vector field ug (¢, ) by
solving

n 1 2
arg min 3 J Ee a0, HX — Zi —ug(t, (1 — 1) Z; + tX; +A/t(1 — t)g)H . (22)
i=1v0

where the noise £ is added to ensure that the distribution of (1 — ¢)Z; + tX; + 4/t(1 — t)¢& has full
support.

Once we have trained uy we can sample from pyaa by solving the ODE

dx
th = ug(t, Xy), Xo ~N(0,1).
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Choosing the path

The choice of path we gave in the earlier slide is only one of many possible.
We can construct such paths as mixtures of simpler paths, that may even be defined per sample.

One idea presented in Lipman et al. 2023 and Albergo and Vanden-Eijnden 2023 is to condition
the path on a Z.

This could actually be the data point itself, ie Z = X7 ~ pgata-
One then builds a path py. so that

Pt = J‘pt\zpdata (Z)dZ

Pt|= can be much simpler to design, tractable and easy to sample from.

In order for p; to interpolate between pg and p1 := pyata We need p; |, to satisfy

, e.g.
pO(‘T|Z) = pPo, pl(l“z) = N(x;zaarzninj) ~ 52'

po can be any simple distribution, e.g. N(0,1).
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Continuity /transport equation

We will need the following well-known result from the theory of continuity/transport equations.

Theorem

Suppose that
dX
d_tt = U(t,Xt), XO ~ pPo (23)

Then, if p; = Law(X}), it satisfies the continuity equation

% +V - (pult, ) = 0. (24)
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Continuity /transport equation (ctd.)

The proof is fairly straightforward and quite useful to understand. Let ¢ € C*(R?) be a smooth
compactly supported test function.

Then
3 | e@m@s = SR = 5 [aiz)
= & [et@rm@ dx—fw Xu() 1D 5 )

_ JV@(Xt(x))Tu(t,Xt)pg(x)dx _ JV@(m)Tu(t,x)pt(x)dx
and using integration by parts

—— [ 6@V [utt2)pi(a) .
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Flow matching with conditional paths continued

Suppose that we have constructed a conditional path p; |, satisfying the boundary conditions.

Suppose also that the conditional probability path satisfies the continuity equation

dpt z
TE LV (prult,[2)) = 0. (25)
Lipman et al. 2023 noticed that we can use the u(t, z|z) to express the

marginal vector field u(t, z) that drives the continuity equation of the marginal path p;:

pt|z($)pdata(z)

) (26) {e

u(t.2) = Ezpe [ult,2|2)X; = 2] = [[ult,al2
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Flow matching with conditional paths continued

It suffices to check that u(t, x) satisfies the continuity equation for p;:

% + Va - (pe(@)ult, z))
d

= & Pt)z(Z)Pdata(2)dz + Vo - <J pt|z($)pdata(z)u(tﬂx|z)dz>

= [+ 92 utarutt.olon) | ponateraz = 0
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Conditional flow matching objective

The marginal vector field u(t, x) involves an intractable expectation.

Therefore the

1

argmin | Exp, [Jult, Xi) ~ uo(t, X0) ] (Fm)
0
is also intractable.
Lipman et al. 2023 showed we can this expectation and instead use the tractable
(CFM):
1
argmin f EZ~pons Exompyz [1u(t, X1 2) = ug(t, X, 2)[?] d. (CFM)
0

Since we typically have chosen u(t, z|z) to be tractable, and we have access to samples from py 7,
we can estimate CFM objective.
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Conditional flow matching objective

minimising minimises the . Using (26) we have
1
j Exp [lults X0) = ug(t, X,)|2] dt
0
1
éf J (ot 2)| — 2001, ) Tt 2) | ) et
0

° f”nu@ fa)|? = 2fu(t x|z)ptz(zz(m;ta(z)dz] pu(@)dadt

f ff |ug(t, 2)||> = 2ug(t, z) Tu(t, z|2 ﬂmpﬂz(/zf;;ta( )d dodt
:JO ff[ue(t,x) — u(t,z|2)]* Pt|=(2)Pdata(2)dzdadt

1
~ | E 2o [t Xil2) ~ uo(t, X1 2) 7]
0

Xe~pi|z
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Theory for DDMs

Convergence d; = —yxdt + \/2ydw,,
9o = Pdata qr
Q
Generative JA ~ H#(O0,0) = pY
model

dY; = y(Y; + 250(T — £, Y;))dt 4+ /2ydW;.

Figure: Schematic of generative model.

Obvious question: how close is p% tO Pdata?
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Convergence of DDMs

IF we had access to the true score V. log p:(x) and could initialise from gr and solve the reverse
SDE exactly

dX, = —[X; + 2V log p:(X;)]dt + v2dB;, Xr ~ qr,

then we would have exact sampling from pgata at time ¢ = 0.
In practice there are three sources of error:

(a) we only have an approximation sy(t,x) of the score.
(b) we discretise the SDE.
(c) we initialise from A/(0, I) instead of gr.

Attempt 1: treat error 1 as a black box, assuming

Bound error assuming

T
f Ex,~q: [[50(t, X2) — Va log gi(X0)|?] dt < eere- (27)  {pa:s
0
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Convergence of DDMs (ctd.)

- e.g. log-Sobolev, Lipschitz score Lee, Lu, and Tan 2023;
K. Y. Yang and Wibisono 2022

- e.g. Pidstrigach 2022

- e.g. dimension, Bortoli 2022; Block, Mroueh, and
Rakhlin 2022

H. Chen, Lee, and Lu 2023; Lee, Lu, and Tan 2023

for Lipschitz scores, but Lipschitz constant hides dimensionality
factors.

for general distributions.
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Convergence of DDMs (ctd.)

First result for general case appeared in Benton et al. 2024.

, what happens if data lives in a lower-dimensional manifold?

Ambient dimension very high in typical image datasets

Still too high to explain success of diffusion models

Possible explanation: concentrates on low-dimensional subset with structure

— This is known as the
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Manifold hypothesis

Many modern datasets are conjectured to satisfy a form of the manifold hypothesis

133
1=}

NS k=3 . k=5 k=10 vee k=20

Dimensionality Estimate
) @ s
(=} (=} o

-
=)

MNIST SVHN CIFAR-100  CelebA CIFAR-10 MS-COCO ImageNet

Figure: Estimates of intrinsic dimension of popular image datasets. From Pope et al, arxiv:2104.08894.
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Convergence under manifold hypothesis

Theorem (Potaptchik, Azangulov, and Deligiannidis

Suppose that pyatas is supported on a d*-dimensional smooth compact manifold M < R®. Then
under smoothness assumptions on pqata® and the manifold, we have

d*(log = +loge=! +logd)(logé—t + C)log§—*
— .

K(YTfts“th) < ‘52 + Ezcore + (28)

?density wrt Hausdorff measure on M
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And what about the score estimator?

how to ensure that the score estimator satisfies (27) with small €score?

This is a tough problem and not solved fully yet. In particular theory cannot account for the role of
the (e.g. UNets, convolutional networks) or (e.g. SGD).

Some results do exist however, where the neural network is selected from a carefully constructed
class through
— Oko, Akiyama, and Suzuki 2023— pyata full support; rates minimax

— Tang and Y. Yang 2024— pyata lives in a d* manifold, almost minimax rates in d* but large
polynomial constants in D;

— Azangulov, Deligiannidis, and Rousseau 2025— pgata lives in a d* manifold, almost minimax
rates in d*, no explicit dependence on D for score estimation, v/ D for sampling.
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Hot topics for research

Discrete space DDMS: use diffusion instead of autoregressive in LLMs Li et al. 2025; Sahoo
et al. 2024 and many more.

Protein structure prediction: Watson et al. 2023 used diffusion models to generate protein
structures. David Baker awarded 2024 Nobel prize.

Accelerating/Distilling Diffusion models: good results with less inference steps:
e.g. Bortoli et al. 2025; Yin et al. 2024; Frans et al. 2024
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Thank you for your attention!
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